
A stabilized �nite elemen t metho d for the incompressible Na vier-Stok es equations

using a hierarc hical basis

Christian H. Whiting

1

Kenneth E. Jansen

2

Scien ti�c Computation Researc h Cen ter and the

Departmen t of Mec hanical Engineering, Aeronautical Engineering & Mec hanics,

Rensselaer P olytec hnic Institute, T ro y , New Y ork, USA

1

Supp orted b y NASA LaR C gran t NGT-1-52160

2

Corresp onding author, supp orted b y AF OSR gran t F49620-97-1-0043



Abstract

Stabilized �nite elemen t metho ds ha v e b een sho wn to yield robust, accurate n umerical solutions to b oth

the compressible and incompressible Na vier-Stok es equations for laminar and turbulen t 
o ws. The presen t

w ork fo cuses on the application of higher-order, hierarc hical basis functions to the incompressible Na vier-

Stok es equations using a stabilized �nite elemen t metho d. It is sho wn on a v ariet y of problems that the

most cost-e�ectiv e sim ulations (in terms of CPU time, memory , and disk storage) can b e obtained using

higher-order basis functions when compared with the traditional linear basis. In addition, algorithms will

b e presen ted for the e�cien t implemen tation of these metho ds within the traditional �nite elemen t data

structures.
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1 In tro duction

Ov er the last t w o decades, stabilized �nite elemen t metho ds ha v e gro wn in p opularit y , esp ecially for 
uid

dynamics applications. Starting with the SUPG metho d of Bro oks and Hughes [1] through the w ork of

Hughes et al. [2 ] on the Galerkin/least squares (GLS) metho d and up to recen t w ork on m ultiscale metho ds

of Hughes [3 ] and related w ork on residual-free bubbles b y Ru � sso [4 ] and Brezzi et al. [5 ], a n um b er of

stabilized form ulations ha v e b een prop osed. A k ey feature of stabilized metho ds is that they ha v e b een

pro v en (for relev an t mo del problems) to b e stable and to attain optimal con v ergence rates with resp ect to

the in terp olation error (see F ranca et al. [6 ], and Hughes et al. [2 ]). This implies that as the p olynomial

order of the underlying �nite elemen t space is increased, the error in the n umerical solution decreases at

the same rate as the in terp olation error. The presen t w ork extends the w ork of Whiting et al. [7 ] to the

incompressible Na vier-Stok es equations.

The goal of the presen t w ork is the use of hierarc hical basis functions as a means to attain more accurate

and cost-e�ectiv e �nite elemen t sim ulations of complex turbulen t 
o ws. Previous exp erience suggests that

stabilized metho ds can b e successfully used to compute turbulence (see Jansen et al. [8] for an application to

RANS sim ulations and Jansen [9 ] to DNS and LES). These metho ds ha v e b een demonstrated b y Jansen [9 ]

to b e minimally dissipativ e b y studying the gro wth of a small disturbance in c hannel 
o w. The real pacing

item in the sim ulations of Jansen [9 ] w as the cost of the �nite elemen t sim ulation, rather than the abilit y

of a stabilized metho d to compute turbulence. This has led to a searc h for a more cost e�ectiv e metho d,

while remaining within the general stabilized �nite elemen t framew ork.

It is hop ed that this new approac h will enable sim ulations of 
uid dynamical problems that are not

curren tly feasible due to curren t cost restrictions. This w ork presen ts a step to w ard this more am bitious

goal b y applying the hierarc hical basis to simpler, w ell-understo o d problems where their cost-e�ectiv eness

ma y b e more readily quan ti�ed. W e ha v e c hosen a stabilized �nite elemen t form ulation based on the
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form ulation of T a ylor et al. [10 ] for incompressible 
o ws and ha v e extended it to accommo date higher-order

basis functions. This form ulation has b een pro v en to b e robust and accurate for turbulen t sim ulations using

linear basis functions. This, com bined with the higher-order accuracy that stabilized metho ds ha v e b een

sho wn to attain, has led us to select this form ulation.

The basis functions are de�ned using the ric h mesh data structure of Beall and Shephard [11 ], where

basis functions are asso ciated with the individual top ological en tities of the mesh (see also Whiting et

al. [7 ] for an application to the compressible Na vier-Stok es equations). Mesh en tit y based hierarc hical

basis functions supp ort non-uniform k -re�nemen t of meshes of arbitrary elemen t t yp e, e.g., tetrahedral,

hexahedral, and p yramid ( k refers to the p olynomial order of the �nite elemen t basis) while main taining

C

0

con tin uit y .

This pap er presen ts a unique approac h to the use of k -order �nite elemen t computations. Here the ric h

data structure t ypically used for these computations (see Beall and Shephard [11 ]) is used only for pre-

and p ost-pro cessing where the full top ological hierarc h y (region's relationship to faces, faces' relationship

to edges, edges' relationship to v ertices) is required. The analysis co de is then able to use traditional �nite

elemen t data structures (where, for eac h elemen t, lo cal elemen t degrees of freedom are link ed to global

degree of freedom) suc h as those found in Hughes [12 ]. This enables us to main tain the structure of an

already optimized 3-D �nite elemen t solv er, while gaining the e�ciency and accuracy of the hierarc hical

basis. With relativ ely few mo di�cations, an existing �nite elemen t solv er can b e con v erted to use the

hierarc hical basis.

Numerical sim ulations will b e presen ted that demonstrate a clear adv an tage of higher-order metho ds

o v er the traditional, linear basis metho ds for the incompressible Na vier-Stok es equations. It will b e sho wn

that the higher-order metho ds can pro vide the most cost-e�ectiv e solutions in terms of b oth storage and

computer time. These sim ulations ha v e led us to b egin the application of these hierarc hical basis metho ds

to turbulen t 
o ws using the Reynolds a v eraged equations as w ell as large-eddy sim ulations. While it is

exp ected that non-uniform k -re�nemen t (in addition to h -re�nemen t) ma y b e necessary to attain the b est

results, the sim ulations presen ted here w ere all p erformed using uniform k meshes.

2 Mesh en tit y based hierarc hical basis

The hierarc hical basis functions emplo y ed herein are based on the constructions of Shephard et al. [13 ]

for sp ecifying v ariable k -order meshes based on the individual en tities (v ertices, edges, faces, and regions)

whic h de�ne the �nite elemen t mesh. This is often referred to as a top ological hierarc h y of mesh en tities in

the k -v ersion �nite elemen t comm unit y . The motiv ation for using this abstract represen tation is that data

structures consisting only of no dal co ordinates and elemen t connectivit y are not su�cien t for adaptiv e,

v ariable k -order �nite elemen t meshes whic h m ust rely on ric her structures that allo w the indep enden t

assignmen t of p olynomial order o v er the elemen ts as noted b y Demk o wicz et al. [14 ]. These considerations

are tak en in to accoun t in the presen t w ork wherev er p ossible. The set of basis functions used here has also

b een sho wn to yield b etter conditioned matrices than other hierarc hical bases for tetrahedral elemen ts (see

Carnev ali et al. [15 ]). F ollo wing is a brief discussion of the basis functions; a more complete description

ma y b e found in Whiting et al. [7 ]. It should b e emphasized that these ric h data structures are used only

for pre- and p ost-pro cessing so that the e�ciency of the 
o w solv er is main tained for large-scale parallel

computations.

2.1 Description of basis

The de�nition of the piecewise p olynomial basis used in the presen t w ork requires us to in tro duce the

concept of a top ological hierarc h y of mesh en tities (i.e. the collection of v ertices, edges, faces, and regions

whic h comprise the �nite elemen t mesh). Additional details ab out the mesh data structures ma y b e

found in the w ork of Beall and Shephard [11 ]. The individual basis functions are de�ned in terms of

parametric co ordinate systems, �

i

, whic h are lo cal to eac h mesh en tit y . This is in con trast to the Lagrange
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basis functions whic h are de�ned solely in terms of elemen t parametric co ordinates. As men tioned ab o v e,

e�ciency on large-scale problems is main tained b y using this ric h mesh data structure only in the pre-

and p ost-pro cessing phases of the analysis. During pre-pro cessing, the traditional �nite elemen t data

structures, generalized to include the higher-order degrees of freedom, are generated and written to disk

and subsequen tly read b y the analysis co de. This compact data structure stores the degree of freedom

connectivit y information and no dal co ordinates as w ell as information indicating the sign of eac h basis

function (whic h di�ers from +1.0 only for certain cubic shap e functions, see Whiting [16 ]).

The top ological description of the mesh, denoted T

M

, along with its adjacency relationships, enables a

precise de�nition of a �nite elemen t.

De�nition 1 The closur e of a �nite element, denote d

�




e

, of dimension d

e

, is de�ne d as

�




e

= f M

d

e

e

; M

d

e

e

f M

d

e

� 1

j

g ; : : : ; M

d

e

e

f M

0

j

gg ; (1)

wher e M

d

e

e

r epr esents the mesh entity of dimension d

e

which b ounds mesh r e gion e .

W e ha v e in tro duced the notation for the mesh en tit y adjacencies as

M

d

i

i

f M

d

j

g (2)

whic h represen ts the mesh en tities of dimension d

j

b ounding mesh en tit y d

i

. In other w ords, the �nite

elemen t is the mesh region along with its lo w er order b ounding mesh en tities. F or example, eac h tetrahedral

elemen t has four b ounding v ertices, six b ounding edges, four b ounding faces, and one region.

T o construct the �nite elemen t appro ximation to the solution, w e expand the con tin uous quan tities

app earing in the w eak form in terms of a piecewise p olynomial basis de�ned on eac h elemen t (as describ ed

b elo w).

De�nition 2 L et P

k

(

�




e

) b e the pie c ewise p olynomial sp ac e, c omplete to or der k , de�ne d on the �nite

element

�




e

.

The basis for P

k

(

�




e

) consists of functions, N

a

( �

i

) ; a = 1 : : : n

es

, con tributed b y the mesh en tities in

�




e

;

the p olynomial order assigned to eac h en tit y dictates ho w man y basis functions it will con tribute. Here,

n

es

is the n um b er of basis functions con tributing to a giv en elemen t's basis and equals the sum of the

n um b er of functions con tributing from eac h b ounding en tit y . Also note that �

i

is a lo cal co ordinate for

the mesh en tit y in question, and is mapp ed to the standard co ordinate system of the elemen t in question

(e.g., barycen tric co ordinates for a tetrahedral region). Although the p olynomial order ma y b e assigned

indep enden tly to eac h mesh en tit y , it should b e noted that the order of complete p olynomial represen table

b y a giv en elemen t's basis will b e constrained b y the minim um complete order assigned to an y of the

en tities in

�




e

. More details of the individual basis functions ma y b e found in Whiting [16 ] or Shephard et

al. [13 ].

T o construct elemen t matrices and residual v ectors the discrete solution is expanded in terms of these

basis functions as

�

e

( �

i

; t ) =

n

es

X

a =1

�

a

( t ) N

a

( �

i

) (3)

where �

e

( �

i

; t ) is the �nite elemen t appro ximation of an y v ariable on elemen t e , and �

a

( t ) are the desired

co e�cien ts with resp ect to the basis functions. Note that �

i

is mapp ed to the global co ordinates x

j

using

a linear mapping in v olving the v ertex shap e functions whic h, due to the hierarc hical nature of the basis,

are linear regardless of the p olynomial order of the elemen t (note that for non-straigh t-sided elemen ts,

suc h a linear mapping is not su�cien t, and a higher-order mapping m ust b e constructed). As men tioned

ab o v e, the n um b er of basis functions con tributed b y eac h mesh en tit y dep ends on the p olynomial order

assigned to that en tit y . When only C

0

con tin uit y is desired, v ertices will eac h con tribute one basis function
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(equiv alen t to the standard linear basis functions). F or a basis complete to order k , T able 1 pro vides the

n um b er of basis functions con tributed b y eac h t yp e of mesh en tit y . F rom this table, w e can compute the

n um b er of shap e functions con tributed b y a tetrahedral elemen t complete to order k as

n

es

= 4 n

v

+ 6 n

e

+ 4 n

f

+ n

r

=

1

6

( k + 1)( k + 2)( k + 3) :

(4)

V ertex: n

v

= 1 ( k � 1)

Edge: n

e

= ( k � 1) ( k � 2)

F ace: n

f

=

1

2

( k � 1)( k � 2) ( k � 3)

Region: n

r

=

1

6

( k � 1)( k � 2)( k � 3) ( k � 4)

T able 1: Num b er of con tributed shap e functions

As T able 1 indicates, edges, faces, and regions only con tribute basis functions if the p olynomial order

is greater than that indicated in the righ t hand column. The k ey di�erence b et w een hierarc hical and

Lagrange basis functions is that the hierarc hical basis of order k � 1 is a subset of the basis of order k .

This imp ortan t prop ert y pro vides a natural scale separation that is crucial for the design of new m ultiscale

metho ds for computing turbulence (see Hughes et al. [17 ]). These large-eddy sim ulation tec hniques exploit

this capacit y b y applying common mo dels (e.g., Smagorinsky) only to the higher p olynomial order p ortion

of the basis, lea ving the lo w-order scales free of mo deling. Hierarc hical and Lagrange basis functions also

di�er in that the Lagrange basis only con tributes p olynomials of a single order, whereas hierarc hical basis

functions will b e of di�eren t order. The p olynomial order of eac h of the basis functions for eac h en tit y t yp e

is discussed in detail in Shephard et al. [13 ]. T o get the total (global) n um b er of basis functions, n

s

, for a

giv en mesh w e sum o v er the n um b er of shap e functions con tributed b y eac h mesh en tit y for all en tities in

the mesh. (Note that for a Lagrange basis n

s

is equal to the n um b er of \no des" in the mesh.)

As men tioned ab o v e, the higher-order computations can b e made more e�cien t (for �xed k ) b y simply

extending the existing �nite elemen t data structures to accommo date the additional degrees of freedom

emanating from higher-order basis functions. This extension is only p ossible (to our kno wledge) for k < 4

due to the nature of the higher-order face functions. F or k � 4, a minim um of an additional face-t yp e data

structure m ust b e added.

2.2 P ost-pro cessing hierarc hical solutions

P ost-pro cessing higher-order solutions presen ts some di�cult y , since curren t visualization pac k ages t ypi-

cally require linear basis functions represen ted b y elemen t no dal connectivit y , with data asso ciated with

no des. Since the solution co e�cien ts of the hierarc hical basis are not simply the solution v alues at sp eci�c

no dal p oin ts (as with the Lagrange basis), additional w ork is needed to e�ectiv ely visualize the hierarc hical

solution. The most straigh t-forw ard approac h is to create a re�ned mesh, ev aluate the hierarc hical solution

at eac h of the new no des, and generate new elemen t connectivit y b efore using a standard, linear visualiza-

tion pac k age. This is the metho d that has b een emplo y ed herein, where the n um b er of re�nemen t lev els w as

c hosen suc h that the plots didn't visibly c hange as additional lev els w ere added. It is hop ed that future

visualization pac k ages ma y incorp orate the hierarc hical basis function co e�cien ts directly . Researc h is

curren tly underw a y in this area. Line plots of solution v alues are obtained b y ev aluating the (higher-order)

�nite elemen t solution at a series of lo cations in the global co ordinate system. This op eration in v olv es

a searc h through the elemen ts to determine what elemen t a giv en global p oin t lies in b efore the solution

is ev aluated. While this approac h can b e quite costly for lo w p olynomial-order solutions where a large

n um b er of elemen ts are required, the burden is reduced with high-order solutions due to the dramatic

reduction in the n um b er of elemen ts necessary to attain solutions of similar qualit y . More details of the

p ost-pro cessing tec hniques for hierarc hical basis sim ulations ma y b e found in Whiting [16 ].
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2.3 Application of b oundary and initial conditions

W e w ould lik e to conclude this section with a discussion of b oundary and initial conditions. Higher-

order sim ulations using Lagrange basis functions enforce essen tial b oundary conditions in a relativ ely

straigh tforw ard manner, as basis co e�cien ts corresp ond to solution v alues at no des, vis. the Lagrange

in terp olation equation N

a

( �

b

) = �

ab

. Hierarc hical basis functions, ho w ev er, in v olv e the solution of a system

of linear equations to compute the basis co e�cien ts of the kno wn b oundary condition function. In addition,

since the basis co e�cien ts are not asso ciated with particular spatial lo cations (except v ertex functions), a

unique set of in terp olation p oin ts m ust b e c hosen.

Supp ose w e wish to sp ecify that � ( x

i

) = g ( x

i

) o v er some p ortion of the b oundary (the en tire domain

for an initial condition) where � ( x

i

) could b e an y of the solution v ariables. The �nite elemen t solution

pro cedure uses the v alues of the basis co e�cien ts whic h corresp ond to g ( x

i

). W e can �nd the co e�cien ts

of an appro ximation to g ( x

i

) as

g ( x

i

) � ^g ( x

i

) =

n

ip

X

a =1

g

a

N

a

(5)

where N

a

are the elemen t basis functions, g

a

are the unkno wn co e�cien ts, and n

ip

is the n um b er of in ter-

p olation p oin ts, whic h m ust equal n

es

, the n um b er of elemen t shap e functions. T o �nd these co e�cien ts,

w e require the appro ximation to in terp olate the giv en function, i.e.,

M g = R (6)

M = [ M

ab

] = N

a

( �

int

b

) ; and R = [ R

b

] = g ( x

i

( �

int

b

)) (7)

where �

int

b

is the b

th

in terp olation p oin t (in elemen t co ordinates). This system of linear equations is solv ed

for the basis co e�cien ts, g

b

, for eac h elemen t, whic h are used when needed b y the analysis co de to ev aluate

� ( x

i

) (whic h is expanded in the same basis as ^g ( x

i

)). It should b e noted that this b oundary condition data

is also pre-computed and subsequen tly read b y the analysis co de along with the elemen t data structures.

The in terp olation p oin ts used in the presen t w ork are tak en from the w ork of Chen and Babu � sk a [18 ] where

they deriv ed an optimal set of in terp olation p oin ts for a tetrahedral region.

3 Incompressible Na vier-Stok es equations

Stabilized �nite elemen t metho ds ha v e b een pro v en to b e stable and higher-order accurate for a linear

adv ectiv e-di�usiv e system (a mo del problem for the Na vier-Stok es equations) in Hughes et al. [2 ] and for

the linearized incompressible Na vier-Stok es equations in F ranca and F rey [6 ]. These t yp es of form ulations

ha v e also b een e�ectiv ely used for computing complex compressible and incompressible turbulen t 
o ws

(see Jansen [9 ]). The higher-order accuracy prop erties as w ell as the robustness on complex 
o ws ha v e

motiv ated our c hoice of �nite elemen t form ulation. W e �rst pro vide the strong form of the incompressible

Na vier-Stok es equations, follo w ed b y a description of the �nite elemen t metho d used to discretize the

asso ciated w eak form, and �nally a discussion of the lo cal reconstruction tec hnique used to obtain the

di�usiv e 
ux terms (for k � 2).

3.1 Strong form

Consider the application of the mesh en tit y based hierarc hical basis functions to the time-dep enden t,

incompressible Na vier-Stok es equations. First, consider the strong form of the con tin uit y and momen tum

equations written in the so-called adv ectiv e form (see Gresho [19 ])

u

i;i

= 0 (8)

_u

i

+ u

j

u

i;j

= � p

;i

+ �

ij;j

+ f

i
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where u

i

is the i

th

comp onen t of v elo cit y , p the pressure divided b y the densit y � (assumed constan t), f

i

the prescrib ed b o dy force (also divided b y � ), and �

ij

the viscous stress tensor giv en b y:

�

ij

= � ( u

i;j

+ u

j;i

) (9)

where � =

�

�

is the kinematic viscosit y , and the summation con v en tion is used throughout (sum on rep eated

indices).

3.2 W eak form { Finite elemen t discretization

T o pro ceed with the �nite elemen t discretization of the w eak form of the Na vier-Stok es equations (8),

w e �rst in tro duce the discrete w eigh t and solution function spaces that are used. Recall that

�


 � R

N

represen ts the closure of the ph ysical spatial domain, 
 [ �, in N dimensions; only N = 3 is considered.

The b oundary is decomp osed in to p ortions with natural b oundary conditions, �

h

, and essen tial b oundary

conditions, �

g

, i.e., � = �

g

[ �

h

. In addition, H

1

(
) represen ts the usual Sob olev space of functions with

square-in tegrable v alues and deriv ativ es on 
 (see Hughes [12 ]).

Subsequen tly 
 is discretized in to n

el

�nite elemen ts,

�




e

. With this, w e can de�ne the discrete trial

solution and w eigh t spaces for the semi-discrete form ulation as

S

k

h

= f v j v ( � ; t ) 2 H

1

(
)

N

; t 2 [0 ; T ] ; v j

x 2

�




e

2 P

k

(

�




e

)

N

; v ( � ; t ) = g on �

g

g ; (10)

W

k

h

= f w j w ( � ; t ) 2 H

1

(
)

N

; t 2 [0 ; T ] ; w j

x 2

�




e

2 P

k

(

�




e

)

N

; w ( � ; t ) = 0 on �

g

g ; (11)

P

k

h

= f p j p ( � ; t ) 2 H

1

(
) ; t 2 [0 ; T ] ; p j

x 2

�




e

2 P

k

(

�




e

) g (12)

where P

k

(

�




e

) is de�ned in De�nition 2. Let us emphasize that the lo cal appro ximation space, P

k

(

�




e

), is

the same for b oth the v elo cit y and pressure v ariables. This is p ossible due to the stabilized nature of the

form ulation to b e in tro duced b elo w. These spaces represen t discrete subspaces of the spaces in whic h the

w eak form is de�ned. Note that the b oundary conditions are represen ted b y appro ximations within the

discrete �nite elemen t spaces.

The stabilized form ulation used in the presen t w ork is based on that describ ed b y T a ylor et al. [10 ]

mo di�ed to include the higher-order basis functions. Giv en the spaces de�ned ab o v e, w e �rst presen t the

semi-discrete Galerkin �nite elemen t form ulation applied to the w eak form of (8) as:

Find u 2 S

k

h

and p 2 P

k

h

suc h that

B

G

( w

i

; q ; u

i

; p ) = 0

B

G

( w

i

; q ; u

i

; p ) =

Z




f w

i

( _ u

i

+ u

j

u

i;j

� f

i

) + w

i;j

( � p�

ij

+ �

ij

) � q

;i

u

i

g dx

+

Z

�

h

f w

i

( p�

in

� �

in

) + q u

n

g ds

(13)

for all w 2 W

k

h

and q 2 P

k

h

. The b oundary in tegral term arises from the in tegration b y parts and is

only carried out o v er the p ortion of the domain without essen tial b oundary conditions. Since the Galerkin

metho d is unstable for the equal-order in terp olations giv en ab o v e, w e add additional stabilization terms

whic h yields:
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Find u 2 S

k

h

and p 2 P

k

h

suc h that

B ( w

i

; q ; u

i

; p ) = 0

B ( w

i

; q ; u

i

; p ) = B

G

( w

i

; q ; u

i

; p )

+

n

el

X

e =1

Z

�




e

f �

M

( u

j

w

i;j

+ q

;i

) L

i

+ �

C

w

i;i

u

j;j

g dx

+

n

el

X

e =1

Z

�




e

f w

i

�

u

j

u

i;j

+ ��

�

u

j

w

i;j

�

u

k

u

i;k

g dx

(14)

for all w 2 W

k

h

and q 2 P

k

h

. W e ha v e used L

i

to represen t the residual of the i

th

momen tum equation,

L

i

= _u

i

+ u

j

u

i;j

+ p

;i

� �

ij;j

� f

i

(15)

The second line in the stabilized form ulation, (14), represen ts the t ypical stabilization added to the Galerkin

form ulation for the incompressible set of equations (see F ranca and F rey [6 ]). The �rst term in the third

line of (14) w as in tro duced b y T a ylor et al. [10 ] to o v ercome the lac k of momen tum conserv ation in tro duced

as a consequence of the momen tum stabilization in the con tin uit y equation. The second term on this line

w as in tro duced to stabilize this new adv ectiv e term. T o see that this form ulation conserv es momen tum, set

w = f 1 ; 0 ; 0 g and q = u

1

in (14) whic h lea v es only b oundary terms. This exercise also yields the adv ectiv e

v elo cit y correction to restore conserv ation, i.e.,

�

u

i

= � �

M

L

i

(16)

The stabilization parameters for con tin uit y and momen tum are de�ned as

�

M

=

C

q

c

1

= � t

2

+ c

2

u

i

g

ij

u

j

+ c

3

�

2

g

ij

g

ij

(17)

�

C

=

1 =�

M

tr( g

ij

)

(18)

and the stabilization of the new adv ectiv e term is de�ned in direct analogy with �

M

as

�� =

C

q

c

2

�

u

i

g

ij

�

u

j

(19)

where C ; c

1

; c

2

; and c

3

are de�ned based on the one-dimensional, linear adv ection-di�usion equation using

a linear �nite elemen t basis and g

ij

= �

k ;i

�

k ;j

is the co v arian t metric tensor related to the mapping from

global to elemen t co ordinates. The constan t c

3

is mo di�ed for higher-order elemen ts to obtain the correct

order of con v ergence in the di�usiv e limit as required b y the use of the in v erse estimates in the accuracy

analysis of F ranca and F rey [6 ]. More details and precise de�nitions of these constan ts ma y b e found in

Whiting [16 ].

3.3 Lo cal reconstruction of di�usiv e 
ux

Careful insp ection of the w eak form, (14), and in particular the momen tum residual equation, (15), rev eals

that it is necessary to calculate the second deriv ativ e of the solution v ariable when ev aluating the residual

of the di�usiv e 
ux stabilization terms

q

i

� �

ij;j

= � ( u

i;j

+ u

j;i

)

;j

(20)
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While these terms are often neglected for linear basis calculations (with simple justi�cation), their inclusion

is vital to the accuracy of higher-order sim ulations (examples run without these terms ha v e sho wn a

signi�can t degradation of solution qualit y). Although it is p ossible to ev aluate these terms directly from

the second deriv ativ es of the basis functions, w e opt for a more e�cien t metho d using a lo cal reconstruction

of the di�usiv e 
ux terms based on an L

2

pro jection follo w ed b y a re-in terp olation (see Whiting et al. [7 ]

or Jansen et al. [20 ]). Brie
y ,

M ^�

ij

= R

ij

(21)

where,

M = [ M

ab

] =

Z

�




e

N

a

N

b

dx; R = f R

a

g =

Z

�




e

N

a

�

ij

dx (22)

is solv ed for the di�usiv e 
ux pro jection co e�cien ts, ^�

a

ij

, whic h are then re-in terp olated with the gradien ts

of the basis functions to form an appro ximation to q

i

as

q

i

=

n

es

X

a =1

N

a;j

^�

a

ij

: (23)

Jansen et al. [20 ] also presen ts a tec hnique for global reconstruction of the di�usiv e 
ux for linear basis

computations whic h has b een sho wn to impro v e the accuracy of linear basis computations at a negligible

additional cost. Due to these considerations, all linear basis computations sho wn here use the global

reconstruction tec hnique.

3.4 Discrete system of equations

T o deriv e a discrete system of equations, the w eigh t functions w

i

and q , the solution v ariables u

i

and

p , and their time deriv ativ es are expanded in terms of the �nite elemen t basis functions. Since w e ha v e

a non-linear, time dep enden t system of equations, Gauss quadrature of the spatial in tegrals results in a

system of �rst-order, non-linear ordinary di�eren tial equations whic h can b e written as

R

A

( u

( h;k )

i

; _u

( h;k )

i

; p

( h;k )

) = 0 ; A = 1 : : : n

s

(24)

where w e ha v e assumed the co e�cien ts of the w eigh t functions to b e arbitrary and u

( h;k )

i

; _u

( h;k )

i

and p

( h;k )

are the discrete represen tations of these v ariables. The sup erscripts ( h; k ) are omitted for clarit y in what

follo ws. The bac kw ard Euler metho d is used to transform this system of ODE's in to a nonlinear system of

algebraic equations whic h ma y b e linearized using Newton's metho d to obtain

�

K G

� G

T

C

� �

� u

� p

�

= �

�

R

m

R

c

�

(25)

where,

K �

@ R

m

@ u

; G �

@ R

m

@ p

; and C �

@ R

c

@ p

(26)

and R

m

and R

c

represen t the p ortions of the residual from the momen tum and con tin uit y equations,

resp ectiv ely , and K , G , and C are appro ximations to the full tangen t matrices. This linear system of

equations is solv ed (at eac h time step) and the solution is up dated viz. u

i +1

= u

i

+ � u and p

i +1

= p

i

+ � p

for eac h of the Newton iterations. F or steady problems, only one Newton iteration p er time step is

p erformed. F or unsteady problems, the generalized � -metho d time in tegrator presen ted in Jansen et

al. [21 ] is used. The linear algebra solv er of Shakib [22 ] is used to solv e the system of equations, (25).

8



3.5 P arallel pro cessing

The hierarc hical basis sim ulations rely on message passing implemen ted using the MPI library for all parallel

comm unications. T o mak e e�cien t use of the MPI library requires that the comm unication structures b e

pre-pro cessed, at whic h time all necessary data structures for exc hanging information b et w een pro cessors

during the computation are set up. The mesh is partitioned suc h that eac h elemen t is asso ciated with

a unique pro cessor (partitioning soft w are suc h as METIS [23 ] can b e used to p erform this task). Based

on this information, a metho dology has b een dev elop ed b y whic h eac h mesh en tit y on the in terpro cessor

b oundary is assigned a unique master pro cessor on whic h equations relating to its shap e functions are

solv ed. Information p ertaining to the mesh en tities lying on the in terpro cessor b oundary is then collected

and used to carry out the comm unications (see Whiting [16 ]).

4 Computational e�ort

The discretization metho d has b een in tro duced ab o v e with little consideration to the computational e�ort

engendered b y eac h of the di�eren t p olynomial orders. Solution time, memory use and disk storage are

clearly the most imp ortan t measures when considering the cost of a sim ulation. Ho w ev er, b y lo oking at

time alone, w e w ould fail to assess the scalabilit y of the metho d to large-scale problems. In this section, w e

in tro duce three additional measures that will b e used to quan tify the b ene�t of using higher p olynomial

order. These measures tak e in to accoun t the costs of computing the distinct comp onen ts of a sim ulation,

i.e. tangen t matrix, residual v ector, and linear system solution.

The examples w e presen t are t w o-dimensional, since w e wish to discuss the cost for problems with

w ell-understo o d b enc hmark results. It is somewhat di�cult to get a fair cost comparison on 2D problems

when using the 3D co de, since the cost of the higher p olynomial order sim ulations is p enalized for adding

man y additional degrees of freedom in the third (inactiv e) dimension. Still, w e w ould lik e to mak e some

estimates of the relativ e sim ulation cost, so w e consider three cost indices, C

1

; C

2

, and C

3

, de�ned as:

C

1

= n

f

� n

2

shp

� n

int

(27)

C

2

= n

f

� n

shp

� n

int

(28)

C

3

= n

k

� ( n

v

� nnz

v

+ n

e

� nnz

e

+ n

f

� nnz

f

) (29)

where n

f

is the n um b er of equiv alen t 2D triangular face elemen ts, n

shp

the n um b er of 2D degrees of

freedom, and n

int

is the n um b er of triangular in tegration p oin ts required to accurately in tegrate a 2D

elemen t. F or the linear solv er cost, w e ha v e used n

k

to represen t the n um b er of Krylo v v ectors needed, and

nnz

v

, nnz

e

, and nnz

f

for the non-zero �ll pattern asso ciated with v ertices, edges, and faces (predictable

only for uniform meshes). The �rst of these measures, C

1

, represen ts the computational cost asso ciated

with the formation of the left hand side (LHS) or residual tangen t matrix. C

2

is asso ciated with the cost of

forming the residual v ector (RHS). C

3

relates to the cost of solving the linear system, whic h is dominated

b y the non-zero �ll pattern. This cost is relev an t to our linear solv e since w e are using a sparse, iterativ e

solv er whic h, for eac h Krylo v v ector, p erforms a matrix-v ector pro duct only with the non-zero matrix

en tries (see Saad [24 ]). The impact of eac h of these cost measures is somewhat problem dep enden t, and

more details will b e discussed with resp ect to the individual sim ulations presen ted in the follo wing section.

5 Numerical examples

This section presen ts n umerical sim ulations using the hierarc hical basis metho ds describ ed ab o v e. The

accuracy of the metho d is �rst demonstrated on a problem with a closed-form analytical solution. It

is sho wn that the metho d con v erges at the theoretical rates in b oth the L

2

and H

1

norms. Additional

examples are then pro vided whic h serv e to demonstrate the abilit y of higher-order basis metho ds to attain

more accurate sim ulations for substan tially less cost. The results for the higher-order sim ulations sho wn in

this section all emplo y the metho dology describ ed in Section 2.2 for creating higher-order visualizations.
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The sim ulations describ ed b elo w w ere all p erformed with the full three-dimensional co de. Th us, to

sim ulate the t w o-dimensional 
o ws describ ed b elo w, w e ha v e used t w o v ertices in the x

3

direction and

imp osed no x

3

v elo cit y and zero viscous 
ux through the x

3

planes; i.e., u

3

= 0 and �

i 3

= 0. The depth in

the x

3

direction w as set equal to the length of an elemen t in the x

1

direction.

5.1 Ko v aszna y 
o w

The �rst example ma y b e iden ti�ed with the laminar 
o w b ehind a grid, and is kno wn as the Ko v aszna y


o w (see Ko v aszna y [25 ]). W e will use this 
o w to demonstrate the con v ergence of the metho d since w e

ha v e a closed-form analytical expression for the exact solution, giv en b y:

u

1

= 1 � e

�x

1

cos (2 � x

2

) (30)

u

2

=

�

2 �

e

�x

1

sin (2 � x

2

) (31)

with

� =

Re

2

�

r

Re

2

4

+ 4 �

2

(32)

and w e ha v e tak en Re = 40 for the presen t study . The 
o w is considered on a rectangular domain of

�

1

2

� x

1

� 1 and �

1

2

� x

2

�

3

2

with the exact solution imp osed as an essen tial b oundary condition at the

in
o w and upp er and lo w er w alls, while the pressure w as set at the out
o w. The qualitativ e b eha vior of

the solution is depicted in Figure 1 whic h sho ws con tours of 
uid sp eed from the cubic sim ulation on the

21 � 21 mesh.

1 : 5

� 0 : 5

� 0 : 5

1 : 0

PSfrag replacemen ts

1 : 5

0 : 5

0 : 5

1 : 0

Figure 1: Ko v aszna y 
o w. Con tours of 
uid sp eed for cubic sim ulation on 21 � 21 mesh

A con v ergence study w as p erformed for this 
o w to determine the accuracy of the metho d with resp ect

to the L

2

and H

1

norms sho wn in Figures 2(a) and 2(b), resp ectiv ely . T able 2 summarizes the con v ergence

results, and demonstrates that the metho d is p erforming at the theoretical con v ergence rates in all cases,

O ( h

k +1

) and O ( h

k

), for the L

2

and H

1

error norms, resp ectiv ely . It is also clear from Figures 2(a) and 2(b)

that the constan t in the error estimate also greatly impro v es for the higher-order sim ulations, making the
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k L

2

norm H

1

norm

1 1.97 0.99

2 3.00 2.01

3 3.93 2.98

T able 2: Con v ergence rates for Ko v aszna y 
o w

higher p olynomial order basis most attractiv e ev en on the coarsest meshes. This is a particularly attractiv e

feature of stabilized metho ds. Figure 5.1 demonstrates the exp onen tial con v ergence of the metho d when

� x

1

is �xed and the p olynomial order is increased.

0.5 1.5 2.5 3.5 4.5 5.5
-14

-10

-6

PSfrag replacemen ts

log

(

L

2

)

log (1 = � x

1

)

(a) log of L

2

error vs. log(1 = � x

1

)

0.5 2 3.5 5
-10

-6

-2

PSfrag replacemen ts

log

(

H

1

)

l og ( E )

log (1 = � x

1

)

(b) log of H

1

error vs. log(1 = � x

1

).

Figure 2: Ko v aszna y 
o w con v ergence study . : k = 1, � : k = 2, and � : k = 3.

5.2 Flo w o v er a bac kw ard-facing step

Consider a t w o-dimensional 
o w o v er a bac kw ard-facing step at R e = 800, based on the step heigh t and

the a v erage in
o w v elo cit y . The geometry and b oundary conditions are similar to those used b y Gartling

[26 ]. The problem is sp eci�ed b y a fully dev elop ed 
o w en tering a con�ned c hannel whic h, at R e = 800, has

b een demonstrated b y n umerous researc hers to b e steady and stable (see Gresho et al. [19 ]). The geometry

and b oundary conditions are sho wn in Figure 4, and the initial condition consists of a parab olic v elo cit y

pro�le imp osed up on the en tire c hannel. This initial condition is marc hed in time using the bac kw ard

Euler tec hnique un til the steady solution is reac hed, con�rmed in all cases b y monitoring the c hanges in

v arious 
o w quan tities.

Since the ob jectiv e of this study w as the comparison of v arious p olynomial-order bases rather than

a complete description of the ph ysics, the standard step 
o w geometry w as simpli�ed b y excluding the

region upstream of the step as describ ed b y Gartling [26 ]. This also allo ws for a more accurate comparison

with his b enc hmark results. Numerical solutions w ere obtained on a v ariet y of uniform tetrahedral meshes

for sev eral di�eren t p olynomial orders. The mesh statistics (for the equiv alen t 2D problem) are sho wn in

T able 3. Here, � x

1

and � x

2

represen t the elemen t size in the x

1

and x

2

direction, resp ectiv ely .

The basic c haracter of this 
o w is w ell kno wn. A t R e = 800, there are t w o separation regions, one

starting at the step corner and con tin uing do wnstream appro ximately 12 step heigh ts, and another on

the upp er w all of the c hannel o ccup ying a region from appro ximately 10 to 20 step heigh ts do wnstream.

These k ey features are sho wn in Figures 5(a)- 5(c) whic h represen t the 
uid sp eed, pressure, v orticit y , and

v elo cit y v ectors for the cubic sim ulation on mesh C. These �gures are sho wn in the correct scale, ho w ev er,
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1 2 3
-11

-8

-5

-2

PSfrag replacemen ts

log

(

L

2

)

k

Figure 3: log of error v s: p olynomial order for Ko v aszna y 
o w. � : H

1

norm, : L

2

norm

u

i

= 0

u

i

= 0

u

i

= 0

u

1

= 24 x

2

(0 : 5 � x

2

)

u

2

= 0

P = 0

4 : 00 : 0 18 : 5 20 : 0

� 1 : 0

0 : 0

1 : 0

x

1

x

2

Figure 4: Step 
o w geometry and problem description

Mesh V ertices Edges F aces � x

1

� x

2

A 405 1,044 640 0.250 0.250

B 847 2,286 1,440 0.167 0.167

C 2,211 6,210 4,000 0.100 0.100

D 8,421 24,420 16,000 0.050 0.050

E 32,841 96,840 64,000 0.025 0.025

T able 3: Mesh statistics
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only the �rst ten step heigh ts of the c hannel are sho wn. Qualitativ ely , these �gures compare w ell with

those presen ted in Gartling [26 ].

(a) con tours of 
uid sp eed

(b) con tours of pressure

(c) con tours of v orticit y

(d) v elo cit y v ectors

Figure 5: Step 
o w sim ulation c haracteristics: Mesh C, k = 3

Tw o dimensional con tour plots of v arious 
o w quan tities lo ok similar for all sim ulations making it

di�cult to quan tify the b ene�t of the higher-order metho ds. W e will therefore compare line plots of these

quan tities at di�eren t spatial lo cations. Figure 5.2 presen ts a comparison b et w een the cubic sim ulation

on mesh A, the quadratic on mesh C, the linear on mesh E. The x

1

� and x

2

� v elo cities and pressure

are sho wn at t w o lo cations along the c hannel, x

1

= 7 : 0 and x

1

= 15 : 0, the same lo cations presen ted in

Gartling [26 ], whic h w e ha v e included on the v elo cit y plots as a b enc hmark result. The cubic and quadratic

are able to exactly repro duce the b enc hmark sim ulation, while the linear, ev en on the most re�ned grid,

is still sligh tly o� in the x

2

-v elo cit y and pressure at the x

1

= 7 : 0 lo cation. This isn't surprising, since

the b enc hmark result is from a quadratic sim ulation with 41 v ertices across the c hannel. More re�ned

sim ulations w ere run for the quadratic (mesh D) and cubic (mesh C) bases to con�rm that these solutions

w ere grid indep enden t.

These three sim ulations represen t qualitativ ely similar results. Clearly , the only results that visibly

di�er from the b enc hmark result are the linear x

2

v elo cit y and pressure at x

1

= 7 : 0, whic h is the most
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Figure 6: Bac kw ard-facing step: comparison of qualitativ ely similar solutions. V elo cit y and pressure

plotted v ersus x

2

at x

1

= 7 and x

1

= 15. V elo cities at x

1

= 15 w ere shifted for plotting. � : k = 1,

+

:

k = 2, � : k = 3, and : Gartling.

sensitiv e quan tit y in the study . Based on the data in T able 3 and the linear solv er information, the cost

measures in tro duced in Section 4, (27) - (29), w ere computed for these three sim ulations. The results are

summarized in T able 4. F or the purp oses of computing C

3

and CPU time, w e ha v e con v erged eac h of the

sim ulations so that the maxim um delta incremen t in an y comp onen t of the solution w as less than 1 � 10

� 6

.

Note that all the cost estimates ha v e b een normalized b y the cubic costs, to clarify the presen tation. The

CPU time included in the table includes all 3D mo des, and therefore is not an en tirely accurate measure

of the full b ene�t of higher order sim ulations, since man y higher-order mo des are w asted on the inactiv e

third dimension. F urthermore, the linear mesh probably requires another lev el of re�nemen t to attain the

same qualit y as the quadratic and cubic solutions and w e are p erhaps erring on the conserv ativ e side with

these estimates.

T able 4 clearly sho ws that the cubic sim ulation is the most cost e�ectiv e, b y an y of the measures. It

can b e seen that C

1

, related to the cost of forming the tangen t matrix, is the least sensitiv e to p olynomial

order (although still o v er a factor of 2 b etter than the linear). This is to b e exp ected since this n um b er is

prop ortional to n

2

shp

, so that despite the reduction in the n um b er of elemen ts, this cost remains relativ ely

constan t. Ho w ev er, for steady problems, it has b een observ ed that it ma y not b e necessary to form the

tangen t matrix ev ery time step, and ma y b e used for 10 or more iterations b efore reforming. The cost of

the linear solv e, represen ted b y C

3

indicates that the cubic sim ulation is o v er 40 times c heap er than the

linear. While one exp ects the equations to get sti�er as k is increased, to get the same lev el of accuracy ,

� x m ust b e decreased so far (for k = 1) as to mak e the linear system m uc h more ill-conditioned than the

mo dest increase in condition n um b er asso ciated with an increase in k .

Mesh k C

1

C

2

C

3

CPU time

A 3 1.00 1.00 1.00 1.00

C 2 1.13 1.88 5.26 1.80

E 1 2.25 7.50 43.93 6.55

T able 4: Step 
o w sim ulation cost comparison

A further study w as carried out to determine the accuracy of the pressure for the linear-basis metho d.

Since traditional Galerkin metho ds m ust in terp olate pressure one order lo w er than the v elo cit y , the pressure

is necessarily one order less accurate. The stabilized metho d do es not su�er from this limitation. This
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is demonstrated b y comparing t w o linear-basis sim ulations to the most re�ned cubic sim ulation at the

x

1

= 7 lo cation (see Figure 7). The log of the L

1

error v ersus � x

2

sho ws a slop e of 2.1, whic h is sligh tly

b etter than optimal for the meshes considered; the optimal L

1

error for the in terp olation b eing O ( h

2

) (see

Johnson [27 ]).
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Figure 7: log of L

1

error in pressure vs. log(1 = � x

1

).

5.3 Lid-driv en ca vit y 
o w

The �nal problem considered is the steady , t w o-dimensional 
o w inside a closed con tainer driv en b y its

lid. The lid slides to the righ t across the top of the ca vit y , shearing the 
uid and setting up a recirculation

region. There is a primary v ortex in the cen ter of the ca vit y and secondary eddies in the lo w er corner

(the n um b er of these secondary eddies dep ends on the Reynolds n um b er). F or the presen t study , w e ha v e

c hosen to consider R e = 400 (based on the lid v elo cit y), for whic h there exists w ell-established b enc hmark

results with whic h to compare (see Ghia et al. [28 ]). Since the v elo cit y is discon tin uous at b oth upp er

corners, singularities will dev elop in the pressure �eld, whic h m ust b e con trolled b y the metho d.

The geometry and b oundary conditions are illustrated in Figure 8. In addition to the v elo cit y con-

strain ts, the pressure �eld is constrained b y setting its v alue at the single v ertex in the lo w er left corner of

the ca vit y . Uniform meshes w ere used with equal spacing in the x

1

� and x

2

� directions. T o isolate the

singularities in the upp er corners, nested lo cal mesh re�nemen t w as ac hiev ed b y sub dividing the original

corner elemen ts. The n um b er of new corner elemen ts w as c hosen suc h that the �rst p oin t is 3 : 90625 � 10

� 4

units from the corner for eac h mesh. This distance dictates the exten t to whic h the discon tin uit y in the

v elo cit y �eld is resolv ed (i.e. ho w m uc h 
uid is \leak ed" from the ca vit y). The statistics for these meshes

are sho wn in T able 5. These �gures do not include the re�nemen t in the upp er corners. Using these

meshes, linear sim ulations w ere run on meshes C - E, quadratic on B - D, and cubic on A - C. These

sim ulations w ere adv anced in time un til the normalized c hanges in the solution v ariables ( u and p ) w ere

less than 1 � 10

� 6

.

Mesh V ertices � x

1

A 11 � 11 0.1

B 21 � 21 0.05

C 41 � 41 0.025

D 81 � 81 0.0125

E 161 � 161 0.00625

T able 5: Lid-driv en ca vit y mesh statistics
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Figure 8: Lid-driv en ca vit y geometry and b oundary conditions

The basic solution c haracteristics of this 
o w are sho wn in Figures 9(a) - 9(d) whic h displa y con tours

of 
uid sp eed, pressure, and v orticit y , as w ell as v elo cit y v ectors, resp ectiv ely . The plots sho wn here are

the quadratic sim ulation on mesh C, ho w ev er, all con v erged sim ulations lo ok iden tical. T o more carefully

monitor the con v ergence, w e ha v e again made use of 2D line plots of v elo cit y . Figure 10(a) sho ws pro�les

of u

2

( x

1

; x

2

= 0) and u

1

( x

1

= 0 ; x

2

) for the the most re�ned mesh for eac h p olynomial order. Note that

the u

1

-v elo cit y w as scaled b y 0.5 to facilitate plotting. Also sho wn is the b enc hmark result of Ghia, et

al. [28 ]. The three plots are virtually indistinguishable.

A cost comparison study similar to that for the bac kw ard-facing step 
o w w as carried out for the lid-

driv en ca vit y 
o w (see Figure 10(b)). The three cost indices and CPU time are summarized in T able 6.

The v alues of the cost indices in this case are ev en more dramatic than in the case of the bac kw ard-facing

step 
o w. F or this sim ulation, w e ha v e also pro vided information comparing the memory requiremen ts and

disk storage required for the sim ulations. The \Matrix storage" column of T able 6 indicates the n um b er of

nonzero blo c ks for the sparse storage of the tangen t matrix (the dominan t memory requiremen t), indicating

that the memory requiremen ts for the cubic sim ulation are ab out 15 times less than the linear, while the

cubic is ab out 6 times b etter than the quadratic. The \Mesh size" column compares the size in mega-b ytes

of the mesh data �le. This size indicates the storage of the compact data structure, used in the analysis

co de, not the en tire ric h mesh database �le. It should b e p oin ted out that the size of the ric h mesh database

�le is �xed for eac h mesh, regardless of the p olynomial order.

Mesh k C

1

C

2

C

3

CPU time Matrix storage Mesh size

A 3 1.00 1.00 1.00 1.00 1.00 1.00

C 2 2.88 4.80 21.60 4.99 6.55 6.02

E 1 32.0 19.2 440.7 6.42 15.65 41.58

T able 6: Lid 
o w sim ulation cost comparison

6 Conclusions

A stabilized �nite elemen t metho d using hierarc hical basis functions applied to the incompressible Na vier-

Stok es equations has b een presen ted. The implemen tation is general, allo wing three-dimensional sim ula-
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(a) con tours of 
uid sp eed (b) con tours of pressure

(c) con tours of v orticit y (d) v elo cit y v ectors

Figure 9: Lid-driv en ca vit y 
o w c haracteristics: Mesh D, k = 2
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(b) Qualitativ ely similar solutions: linear on mesh

E, quadratic on mesh C and cubic on mesh A.

Figure 10: Lid-driv en ca vit y 
o w. Plots of u

1

( x

1

= 0 ; x

2

) and u

2

( x

1

; x

2

= 0). � : k = 1, � : k = 2,

+

:

k = 3, and : Ghia et al. .

tions on arbitrary unstructured meshes. The goal of the presen t w ork w as to clarify the p oten tial b ene�t of

using higher-order basis functions with stabilized metho ds. T o ac hiev e this goal, whic h w e b eliev e to ha v e

b een accomplished, only relativ ely simple geometries and laminar 
o ws ha v e b een considered in the presen t

w ork. Due to the p ositiv e outcome of the presen t study , applications of the hierarc hical basis are curren tly

underw a y for turbulen t 
o ws using b oth the Reynolds a v eraged equations and large-eddy sim ulations. It

is exp ected that the higher-order metho ds will reduce the computational cost of these sim ulations to a

lev el whic h will enable b etter sim ulations than are curren tly a v ailable using only linear basis metho ds. In

addition, v ariational m ultiscale sim ulations of turbulence based on the hierarc hical basis presen ted in this

w ork are underw a y , with preliminary mo dels b eing presen ted in Hughes et al. [17 ].

W e ha v e presen ted sim ulations whic h compare the cost v ersus accuracy of higher-order sim ulations.

These cost comparisons ha v e demonstrated that the higher-order sim ulations can b e used to obtain m uc h

more cost-e�ectiv e results when compared to traditional, linear basis metho ds. The higher order sim ulations

also decrease the amoun t of core memory required for a sim ulation. It is exp ected that the b ene�t of the

hierarc hical basis will b e ev en more profound when truly three-dimensional 
o ws are considered. On the

t w o-dimensional sim ulations m uc h of the computational e�ort is w asted on the third quasi-dimension.
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