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ABSTRACT

Higher order (p-version)finite elementmethodshave beenshownto be clearly superiorto low orderfinite elementmethods
whenproperlyapplied.However,realizationof the full benefitsof p-versionfinite elementgor general3-D geometriesequires
the careful constructionand control of the mesh.A 2-D elasticity problemwith curvedboundaryis usedto clearlyillustratethe
influenceof the meshshapegeometricapproximationorder and shaperepresentatioomethodon the accuracyof finite element
solutionin a p-versionanalysis Considerations thengivento a newapproactor therepresentationf meshgeometryfor p-ver-
sion meshes and to the automatic generation of p-version meshes.
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1. INTRODUCTION

High order (p-version)finite elementmethods,character-
ized by the capability of exponentialrate of convergence,
aregainingpopularityin industry. The basicfunctionsof p-
version finite elements,their convergencepropertiesand
aspectsof their computerimplementationhave received
extensive consideration in the literature (e.g.
[1,3,10,16,17,18])However,the critical technicalissuesof
the appropriategeometricrepresentationf p-versionfinite
elementdor solving partial differential equationsovergen-
eralthreedimensionadomainshavenot receivedadequate
considerationThis paperfirst demonstrateshat the accu-
racy of finite elementsolutionsis strongly influenced by
how well the geometryis approximated Considerations
then given to a set of proceduresbeing developedfor
proper generation of curved elements for p-version
analyses.

Section2 outlines the advantageof p-versionfinite ele-
mentsassuminghe properchoiceof meshingandmapping
proceduressrequiredto preservehe superioratesof con-
vergence. Section3 examines the role of the mesh
geometric approximationon the accuracyof the results
obtainedn termsof a specificcurveddomainproblemwith

a known exactsolution. This simple exampleclearly dem-
onstrates that the wuse of quadratic geometric
approximationdor p-versionfinite elementsdoesnot lead
to satisfactorysolutionresults,in the sensahatusingp-lev-

elsgreaterthan3 or 4 will produceresultsthatareaffected
by the errors in mapping.

The requirementsof Section2 and results of Section3
demonstratehe needfor new meshgenerationtechnolo-
gies to support p-version finite elements. Section4
overviews current efforts on the developmentof such a
meshgeneratiorcapability. Centralto this new approachs
the useof Bezierbasisfor the geometricrepresentatiomf
the elementshapes.This basisallows one to effectively
increasethe order of geometricappropriationin an effi-
cient mannerto any order desired.In addition, this basis
supportseffective methodsfor the executionof key opera-
tions such as determining the validity of curved finite
elementsand determining which mesh entities require
shape change to make an invalid element valid.

2. p-VERSION FINITE ELEMENT MESHES

A finite elementmeshservestwo purposesfirst, to allow
representatiorof an arbitrary body by a collection of ele-
ments on which piecewise polynomial functions
(occasionallyaugmentedby other functions) are defined,
andsecondto control the error of approximationin terms
of the data of interest.

The error of approximationdependson the finite element
meshand the polynomial degreeof elements.n conven-
tional FEA codes,the polynomial degreeof elementsare



fixed at 1 or 2, andthe erroris controlledby making suffi-

ciently fine meshesThe diameterof the largestelementis

denotedby h. The errorsof approximatiorarereducedash

is reduced.The term h-version refers to this approach.
Since the mid-19800sn alternative,known as the p-ver-

sion, maturedsufficiently for usein professionalpractice.
In this approachthe primary role of the meshis to repre-
sentthetopologicalandgeometricdescriptionof the object
beingmodeledby a collectionof elementsandthe erroris

controlledby the polynomial degreeof elementsdenoted
by p. Theerroris reducedasp is increasedThe p-version
has certainadvantageswhich include fasterratesof con-

vergenceandthe ability to producea sequencef solutions,
correspondingo increasingp, automaticallyand without

the needto alter the finite elementmesh(so long as the

mesh provides a satisfactorygeometricapproximationto

thedomain).This allows monitoringthe convergencef the

dataof interestand estimatingthe errorsof approximation.
A largenumberof papersareavailableon this subject,see,
for example, references [1,10,11,12,13,14].

The p-versionposescertainnew requirementgor meshing.
Sincethe sizeof elementds muchlargerthanin the h-ver-
sion, it is essentiato useadvancednappingprocedureso
thatthe domaingeometryis properlyrepresente@dnd inte-
grated. Various procedureshave been developed and
implementedusingspecialcollocationpoints,known asthe
Babuskapoints,in connectionwith blendingfunctiontech-
niquessee,for example,referenced2,7]. A typical finite
elementmeshusedin the p-versionis shownin Figurel.
The solution, representinghe von Mises stresscontours,

was obtained with StressCheck

Figure 1. A typical Pnite element mesh in thegpsion.

The properchoice of the meshtopologicaland geometric
representatiordependson the goals of computation.In
solid mechanicghe goalsof computationare: (a) to deter-
mine stiffness characteristicsof a structure, including
naturalfrequencies(b) to determinethe strengthcharacter-
istics, including stressmaximaand stressintensity factors,
and (c) to determinestability limits (buckling loads). In
stiffnessand stability computationst is generallypossible
to simplify meshingby omitting small features suchasfil-
lets, bosses,small holes, etc. In strength computations,

StressCheck’is a trademarkof EngineeringSoft-
ware Researchand Development,Inc., St. Louis,
Missouri

whenthe goalis to computethe maximalstressijt is neces-
sary to include fillets and all relevant featuresat least
within the regionwherethe maximalstressis sought.This
is known astheregionof primaryinterest.A frequentcon-
ceptualerrorin finite elementanalysisis reportingstresses
in regionswherethe fillets and other small featureswere
omitted.

The error of approximatiorhastwo sourcesthe local error
andthe pollution error. The pollution error, associatedavith

the region of secondaryinterest,is controlledby ensuring
that the error in the naturalnorm of the formulation, usu-
ally the energynorm, is sufficiently small. The local error,
associatedvith the region of primary interest,dependson

the local discretization(choice of mesh,mappingand the
polynomial degree). This error is most efficiently con-
trolled by the p-version of the finite element method.

3. INFLUENCE OF GEOMETRIC
APPROXIMA TION

This sectiondiscusseghe influence of geometricapproxi-
mationon the solutionaccuracyof p-versionfinite element
methodby using a benchmarktwo-dimensionalelasticity
problemfor which analytic expressiondor the exactdis-
placement and stress field are known.

3.1 Model problem

An infinite plane weakenedby an elliptical hole is
deformedby the applicationof uniform tensilestressn the
vertical directionatinfinity asshownin Figure2a.Therel-
evant geometric parametersare the major axis a and

minoraxis b of theinnerellipse.Theseparameteraretyp-
ically related to a third parametem, as

a=1+m,b=1bm,0£m<1 Q)

where m = 0 correspondgo a circleand m =1 is a
sharp crack.

Dueto the doublesymmetryof the problem,only onequar-
ter of the sub-domainABCDE needsto be investigatedas
shown in Figure2b. The exact stressesfor the infinite
domain problemare known along edgesBC and DC and
given by:

s, = %(S(choqu)+2t”0052q D2t sin2q) (2)
s, = %(S(l +C0s2() + 2t cos2q + 2t qsin2q) 3)

1 .
Sy = 5((t, thq)suan +2t _cos2q) (4)

rq
where S = r4Dm2D2m+2r 2cos2q and t,, t,q

taq arethe stresscomponentexpressedn elliptical coor-

dinate systengr, q) [15].

and

The mapping between Cartesian coordinate sysgtery)
and elliptical coordinate syste(n, q) is
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Figure 2. Elliptical hole in an inbnite plane under the

uniform tensile stress at inPnity
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Traction (Neumann)boundary conditions are applied on
edgesBC andCD andsymmetricDirichlet boundarycondi-
tions are imposed on edges DE and AB.

3.2 Maximum stress and strain energy

The maximum stresss &3¢t of this problemis concen-

trated at vertex A and is a function of ratio acb only,

being definedas s&3ct = 1+ 2anb. The finite element

stressis computeddirectly in this study by computingthe
strainsfrom the displacementsolution then applying the
appropriate isotropic material stress-strainrelationship.

Searchfor the maximum computedstresss,fem is con-

ductedover not only GaussQuadraturgpointsbut alsothe
verticesof eachelement[12]. The relative error in maxi-
mum stress defined as

fem exact
S bs
ey = _Mmax ~"max - 100% (5)

exact
S max

is of great engineering interest.
The exact potential energy, Pexact ' of the sub-domain

loaded by traction only without body force can be com-
puted as

pexact = PyT u +T,u,)ds 6)

C D
= qq (T u,+ Teu)ds+ Q (Tpu, + Ttut)ds]

Where T, T, and u,, u, are normal and tangentialtrac-
tion components and displacement components
respectively{12]. Theanglea measuredrom the positive
X axis to the normal of boundariesBC and CD are

09,90°, so Eq. (6) can be simplified as

c D
p exact = qq (Uys +uyt, )dy + Q (uysy +uyt Xy)dx]
@)

wheres Sy tyy arestresstensorcomponentsand u,, uy
are displacementcomponents[4]. The exact potential
energyis obtainedby numerically solving Eq. (7) to an
accuracysubstantiallygreaterthat any of the finite element
solutions. The finite elementpotential energy P fem s
computedby evaluatingthe product of load vector and
finite elementsolution over the boundary. The relative
error in energy norm is defined as

exact fem| ,
lej = [|PZE2DP T PEXDaCF: 100% ®8)

3.3 Fnite element meshes and geometric apgro
mation shapes

A parametem = 0.25 is selectedo constructhefirst test
model. An isotropic materialwith Young®Module of 1.0
andPoissonmstio of 0.3 is usedunderthe assumptiorof
planestrain. The stressappliedat the infinite boundaryis
1.0. Tablel providesthe exactpotentialenergy(to 7 digits
significant figures) and the exact stress.

Table 1: Bst problem

exact exact
m a b ad S e p ex

0.25 | 1.25| 0.75 | 1.667 | 133 -7.8462131

The finite elementmethodusedfor solving the problem
consistsof a doublediscretization.First, a meshis intro-
ducedin orderto discretizethe geometricaldomain.Then,
the solution function spaceis approximatedby a finite
dimensionafunction space Both geometricalandfunction
spaceapproximationsintroduce discretizationserrors into
the solution. In this work, we usepolynomialsfor both dis-
cretizationswhere p representghe polynomial order for

function spacediscretizationand q representshe polyno-
mial order for geometrical discretization.

Thediscretizatiorerror of thefinite elementmethodcanbe
written as the sum of two contributions:

Efem = E'f)em.,_ Eéem 9)

where Eéem is the geometricakrrorand Eg,em is the func-



tional error. Studiesof the convergencandaccuracyof the
finite elementmethodfor domainswheregeometricakrror,

Eéem, is identically zero or carefully controlled to be

small, thus allowing study of the functional error, Eg)em,
are common.We investigatethe total error when the geo-
metrical discretizationerror, Eéem, contribution can be

significant.In this studya coarsemeshwith only oneedge
classifiedon the ellipse AE (seeFigure3) is usedto per-
form the analysis and function polynomial orders from

p =2 to p =10 are usedand geometric polynomial
ordersfrom q =1 to q = 4 areused.(A morecom-
plete study including additional mesh configuration and
geometricapproximationdetailsis in preparatiorfor publi-
cation [4])

For the meshedgethat is usedto geometricallydiscretize
the ellipse, linear (q=1), quadratic(q=2), cubic (q=3) and
quartic (q=4) geometricapproximationsare selected Two
differentfitting methodsareappliedfor the g>1 casesThe
first is a CO interpolantwherethe interpolatingpoints are
equally spacedin the parametricspaceof the edge.The
secondenforcesC! continuity at the verticesA andE (see
[4] for specificson the constructionof those geometric
approximations).Close-upsof the geometricapproxima-
tions in the vicinity of vertex A are shown in Figute

(b) CO quartic mesh
Figure 3. Linear and? quartic meshes

(a) Linear mesh
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Figure 4. Diferent geometric approximation shapes
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(c) CY andC?! quartic approximation shapes
Figure 4. Diferent geometric approximation shapes

3.4 Result analysis

Convergencecurvesfor the relative error in energynorm
with respecto polynomialorder p for the variousgeomet-
ric approximationorders g are shownin Figure5. When
the polynomial orderincreasegastthe geometricapproxi-

mation order, the error in mappingbeginsto dominatethe
solutionwhich is consistenwith the basictheory[3]. The

discretizationerrorapproaches limit as p increasesThis
limit is essentiallythe Eéem becausdor very high p we
solvethe PDE nearlyexactlyon anapproximatedyeometri-
cal domain. The geometricalerror Eéem is lesswhenthe
geometric approximation order increases.

The performanceof the different geometric approxima-

tionsonthe L¥ norm of the maximumstressis a bit more
complex Figure6a showsthe relative error in maximum

stressfor the CO geometricapproximationsand Figure6b
showsit for the C1 geometricapproximationsFor q = 1
(which is C?) the computedmaximumstressis underesti-

matedat p = 1, butquickly increasepastthe exactvalue
to overestimatehe exactvalueby relativeerrorof 122%at
p = 10. Suchbehavioris expectedsinceas p increases
we are moving toward the solution of a problem with a
sharpcornerat point A wherethe stresstheoreticallygoes

to infinity. As ¢ is increasedor the CO casethe sharp-



nessof the slopediscontinuityat vertexA is decreaseand
the stressresults becomemore accurate.However, it is

interestingto notethatin the caseof the quadraticC® geo-
metric approximationthe stressis overpredictedcby 45%,

this is becausehe curvededgeis not perpendiculato the
symmetry plane due to the error in mapping.
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A comparisonof the CO and C! geometricapproxima-
tions casesndicatesthatthey underestimatéhe exactvalue

for low order p . In the caseof the CO geometricapproxi-
mations the stress becomes overestimatedwhen p
continuesto increase.In the caseof the C1 geometric
approximationsthe stressis always underestimatedor
g = 2 andg = 3 whilethe q = 4 doesslightly overesti-
matethe valuefor high p. Figure7 providesa moredirect
comparisonof the CO and C1 casesfor the variousgeo-
metric orders.

It shouldbe notedthat the geometricapproximationerror
for the quadratic geometric approximations,q = 2, at
p = 10 are substantialwith an overestimateof 45% for
the CO caseand underestimatef 16% for the C1 case.
The cubic geometric approximations, q = 3, yield a
smallererrorat p = 10 with anoverestimatef 7.7% for
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maximum stress for dérent shapes

the CO caseand underestimataf 5.0% for the C1 case.
The quartic geometricapproximations,q = 4, yield the
smallesterrorat p = 10 with anoverestimatef 2.8%for

the CO caseand0.29%for the C1 case.Theseresultsare
consistentvith thosepresentedn referencq15] wherethe
ellipse geometrywas approximatedusing a blendingfunc-
tion method.

4. CURVILINEAR MESH GENERA TION

SimmetrixInc. is developingtoolsto generatenesheswvith
curvedelementsgiven an initial linear mesh.The current
developmentgfforts are aimed at the effective representa-
tion and definition of meshes consisting of mixed
geometric order elements as shown in Figure

4.1 Representing Mesh Shape

In the currentwork Bezier representation§s,6] are being
usedto definethe meshgeometryinsteadof the more stan-
dard Lagrange interpolations due to the following
properties of Bezier polynomials:



al
o

o

Relative error in maximum stress (%)

50 . . .
2 4 6 8 10
p order
(a) Convergence curve fag = 2,3
5
g |—cla=4 LesTTTme
0 —
é ob == CLa=4|. e :
@
E 5
E
3
g-10
£
5-15
@
(]
Z-20
s
[5]
a4
-25
2 4 6 8 10
p order

(b) Convergence curve forq = 4
Figure 7. Cowmergence cureg for CO andC! shapes
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Quadratic Edge
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Figure 8. Example of mesh entities composed of
different polynomial orders

¥ ConvexHull Property:A Beziercurve,surfaceor vol-
ume is containedin the convex hull formed by its
control points.

¥ As with otherapproximatingbasesijt hasgood shape
preserving properties.

¥ Better qualified propertiesto allow more efficient

intersection calculations.

¥ All derivativesare also Bezier functions and can be
easily computed.

¥ Productsof Bezierfunctionsare easily computedand
are a Bezier function.

¥ Computationallyefficient algorithmsfor degreeeleva-
tion and subdivisionare available.Thesecanbe used
to refinethe shage()eonvexhull aswell asadaptively
refine the meshOs shape.

¥ Variation Diminishing Property:an infinite planecan
not intersecta Bezier curve moretimesthanit inter-
sects control polygon.

Two major issuesinvolved with generatingcurvedmeshes
are determiningif an entityOsurvedshapeis valid, andif
two or more mesh entities intersect outside of shared
boundariesln termsof theintersectiorissue applicationof
the variation diminishing propertyfor meshedgesandthe
convexhull propertyfor meshfaceshasresultedin compu-
tationally efficient teststo determineif entities interfere
with each other.

4.2 Determining Shape lidity

In the caseof determiningthe validity of a meshentityOs
shape previousimplementation®nly testedthe validity of
meshregionsat the integrationsitesthatwereto be usedin
performing the analysis.The methodassumes region is
valid if the Jacobianis greaterthan zero at the integration
sites. Though this approachis sufficient for analysisin
which the elementshape,order and integrationrule are
fixed, it suffers from the following drawbacks:
¥ If the analysischangesthe integrationrule then the
integrationlocationswill change As a resulta region
that was consideredvalid may suddenly become
invalid. The only way to usethis approachwould beto
testeachregion with respectto all the possibleinte-
gration sites which can be a large number of
evaluationsvhenthe polynomialorderof the element
can be increased.
¥ The testitself doesnot provide insight on how the
region can be made valid either by changing the
regionOs topology or its geometry.
¥ Thetestonly focusedon meshregions.If ameshedge
or facewereinvalid (dueto self-intersectionthenall
regionsusingit aspartof its boundariesvould alsobe
invalid. Identifying and correctingtheselower dimen-
sion mesh entities would effectively reduce the
number of invalid mesh regions that need to be
corrected.

Insteadof checkingfor local validity of a meshentityOs
shape Simmetrix hasdevelopedan approachbasedon the
aboveBezier propertiesto testfor the global validity of a
meshentity. In the caseof a region, the global validity
checkfunction is basedon the fact that the Jacobiarfunc-
tion can be representedas a box product of partial
derivatives.In the caseof a Bezier volume, the partial
derivativesarealsoBezierfunctions.Combiningthe 3 par-
tials to form the Jacobiaralsoresultsin a polynomial that
canbe representedh Bezierform. Sincea Bezier polyno-
mial is boundedby its convexhull of control points, the
Bezierform of the Jacobianprovidesboundson the Jaco-
bian itself. If all the control points of the Jacobianare
greateithanzerothenthe regionOgacobiarmustbe greater



than zero everywhere The testworks for any polynomial
order. The testalso providesadditionalinformationin the
caseof aninvalid shapein termsof possiblemodifications
that canbe usedto correctthe shape seeFigure9. Thetop
imageshowsfour meshfacesmadeinvalid dueto the curv-
ing of four meshedgesclassifiedon the circular hole. The
centerimageis a closeup of one of the invalidities. One
possiblesolutionto this problemwould be to curve eachof
the faces@emaininglinear edgesin order to resolvethe
invalidities. The result of these shapemodifications are
shown in the bottom image.

One important piece neededfor curvilinear meshgenera-
tion thatis missingis the aspectof meshquality of curved
meshes.Quality metrics are extremely important when
choosingwhich meshmodificationto applyin orderto cor-
rect an invalid meshshape For example,anothersolution
to the problemposedin Figure9 is to relocatethe faces®
vertices opposite to curved edges.

Figure9. Theeffectof curvingmeshedgeslassibedn
the planardce in order to correct the original
highlighted ivalid mesh &ces

4.3 Appraimating the Model©Boundary

Another importantissueis how to best approximatethe
model boundary.As previouslydiscussedthe approxima-
tion error betweenthe original geometricmodel and the
meshcan havea strongimpact on the analysis.Currently

interpolationmethodsare usedto Ofit(the meshboundary
to the model boundary at certain sample points on the
boundary; however, using traditional methods, such as
chord length interpolation [9], can cause undesirable
boundaryartifacts.In polynomial surfacesthat are beyond
quadratic.One of the major issuesis to find appropriate
parametridocationsfor the interpolationpointsthatarenot
on the edgesof a triangular surface.Optimization tech-
niques that improve the quality of the surface mesh by
reducingtheseartifactsneedto be investigated Simmetrix
has implemented one such technique as shown in

FigurelO..

Non-Optimmized

Optimized

Figure 10. Comparison of non-optimized mestes
with optimized meshdces

Both meshesuse the sameinterpolationpoints. However,
the top image shows very pronouncedOcreases@n the
sphereQsurface.In the bottomimagethe creasings much
less pronounced.

As previouslymentioned,n additionto basicinterpolation



approaches;onstraintssuchasthe orderof geometriccon-
tinuity between mesh entities need to be taken into
consideration when meshing the boundary.

4.4 Preliminary Results

Figurel2.More complex curvingexampleshaving how
the polynomial dgree afects the shape of the
highlighted mesh edge.

Figure 11. The result of curving a straight sided mesh
classibped on a sphere using a maximum polynomial
degree of 3.

Figurel1l showsthe resultof generatinga curvedmeshof
maximumpolynomialdegreeg = 3 from alinearmesh.The
boundary mesh entitiesGshapeshave been optimized to
reduceundesirablaartifacts.Figure12 showsa more com-
plex example of curve mesh generationas well as the
impact raising the polynomial degreeon the boundary
mesh.Figure13 andFigure14 showthe applicationof qua-
dratic curving on models suppliedby ESRD. The initial
linear meshes show the desired coarseness of the meshes.

5. CLOSING REMARK
The p-versionfinite elementmethodprovidesan effective Figure 13. The application of Simmetsxgdadratic

method to apply simulation technologiesin engineering curving tool on a model supplied by ESRD.
design.However,asthis paperhaspointedout, the applica-



Figure 14. Anotheneample of the quadratic curving
tool on a model supplied by ESRD.

tion of thesemethodsrequiresthe careful constructionof

the meshesandcontrol of their geometricapproximatiorto

curveddomains.The brief introductionto the methodscur-

rently under developmentto support p-version mesh
generationindicatethe needto addressa numberof issues
thatdo not needto be consideredvhenlow orderfinite ele-

ments are to be used.
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