
1.  INTRODUCTION

High order (p-version)finite elementmethods,character-
ized by the capability of exponentialrate of convergence,
aregainingpopularityin industry.Thebasicfunctionsof p-
version finite elements,their convergencepropertiesand
aspectsof their computer implementationhave received
extensive consideration in the literature (e.g.
[1,3,10,16,17,18]).However,thecritical technicalissuesof
theappropriategeometricrepresentationof p-versionfinite
elementsfor solvingpartialdifferentialequationsovergen-
eral threedimensionaldomainshavenot receivedadequate
consideration.This paperfirst demonstratesthat the accu-
racy of finite elementsolutionsis strongly influencedby
how well the geometryis approximated.Considerationis
then given to a set of proceduresbeing developedfor
proper generation of curved elements for p-version
analyses.

Section2 outlines the advantagesof p-version finite ele-
mentsassumingtheproperchoiceof meshingandmapping
proceduresasrequiredto preservethesuperiorratesof con-
vergence. Section3 examines the role of the mesh
geometric approximationon the accuracyof the results
obtainedin termsof a specificcurveddomainproblemwith
a known exactsolution.This simpleexampleclearly dem-
onstrates that the use of quadratic geometric
approximationsfor p-versionfinite elementsdoesnot lead
to satisfactorysolutionresults,in thesensethatusingp-lev-

elsgreaterthan3 or 4 will produceresultsthatareaffected
by the errors in mapping.

The requirementsof Section2 and results of Section3
demonstratethe needfor new meshgenerationtechnolo-
gies to support p-version finite elements. Section4
overviews current efforts on the developmentof such a
meshgenerationcapability.Centralto this newapproachis
the useof Bezierbasisfor the geometricrepresentationof
the elementshapes.This basis allows one to effectively
increasethe order of geometricappropriationin an effi-
cient mannerto any order desired.In addition, this basis
supportseffectivemethodsfor the executionof key opera-
tions such as determining the validity of curved finite
elements and determining which mesh entities require
shape change to make an invalid element valid.

2. p-VERSION FINITE ELEMENT MESHES

A finite elementmeshservestwo purposes:First, to allow
representationof an arbitrary body by a collection of ele-
ments on which piecewise polynomial functions
(occasionallyaugmentedby other functions) are defined,
andsecond,to control the error of approximationin terms
of the data of interest.

The error of approximationdependson the finite element
meshand the polynomial degreeof elements.In conven-
tional FEA codes,the polynomial degreeof elementsare
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fixed at 1 or 2, andtheerror is controlledby makingsuffi-
ciently fine meshes:The diameterof the largestelementis
denotedby h. Theerrorsof approximationarereducedash
is reduced.The term h-version refers to this approach.
Since the mid-1980Õsan alternative,known as the p-ver-
sion, maturedsufficiently for usein professionalpractice.
In this approachthe primary role of the meshis to repre-
sentthetopologicalandgeometricdescriptionof theobject
beingmodeledby a collectionof elementsandthe error is
controlledby the polynomial degreeof elements,denoted
by p. The error is reducedasp is increased.The p-version
hascertainadvantages,which include faster ratesof con-
vergenceandtheability to producea sequenceof solutions,
correspondingto increasingp, automaticallyand without
the needto alter the finite elementmesh(so long as the
meshprovidesa satisfactorygeometricapproximationto
thedomain).This allowsmonitoringtheconvergenceof the
dataof interestandestimatingthe errorsof approximation.
A largenumberof papersareavailableon this subject,see,
for example, references [1,10,11,12,13,14].

Thep-versionposescertainnewrequirementsfor meshing.
Sincethesizeof elementsis muchlargerthanin theh-ver-
sion, it is essentialto useadvancedmappingproceduresso
that the domaingeometryis properlyrepresentedandinte-
grated. Various procedureshave been developed and
implementedusingspecialcollocationpoints,knownasthe
Babuskapoints,in connectionwith blendingfunction tech-
niquessee,for example,references[2,7]. A typical finite
elementmeshusedin the p-versionis shownin Figure1.
The solution, representingthe von Mises stresscontours,
was obtained with StressCheck  .

The properchoiceof the meshtopologicaland geometric
representationdependson the goals of computation.In
solid mechanicsthe goalsof computationare:(a) to deter-
mine stiffness characteristicsof a structure, including
naturalfrequencies;(b) to determinethestrengthcharacter-
istics, including stressmaximaandstressintensity factors,
and (c) to determinestability limits (buckling loads). In
stiffnessandstability computationsit is generallypossible
to simplify meshingby omitting small features,suchasfil-
lets, bosses,small holes, etc. In strength computations,

whenthegoal is to computethemaximalstress,it is neces-
sary to include fillets and all relevant featuresat least
within the regionwherethe maximalstressis sought.This
is knownasthe regionof primary interest.A frequentcon-
ceptualerror in finite elementanalysisis reportingstresses
in regionswherethe fillets and other small featureswere
omitted.

Theerrorof approximationhastwo sources:the local error
andthepollution error.Thepollution error,associatedwith
the region of secondaryinterest,is controlledby ensuring
that the error in the naturalnorm of the formulation,usu-
ally the energynorm, is sufficiently small.The local error,
associatedwith the regionof primary interest,dependson
the local discretization(choiceof mesh,mappingand the
polynomial degree).This error is most efficiently con-
trolled by the p-version of the finite element method.

3. INFLUENCE OF GEOMETRIC
APPROXIMA TION

This sectiondiscussesthe influenceof geometricapproxi-
mationon thesolutionaccuracyof p-versionfinite element
methodby using a benchmarktwo-dimensionalelasticity
problemfor which analytic expressionsfor the exactdis-
placement and stress field are known.

3.1 Model problem

An infinite plane weakened by an elliptical hole is
deformedby theapplicationof uniform tensilestressin the
verticaldirectionat infinity asshownin Figure2a.Therel-
evant geometric parametersare the major axis and

minor axis of theinnerellipse.Theseparametersaretyp-
ically related to a third parameter,, as

, , (1)

where correspondsto a circle and is a
sharp crack.

Dueto thedoublesymmetryof theproblem,only onequar-
ter of the sub-domainABCDE needsto be investigatedas
shown in Figure2b. The exact stressesfor the infinite
domainproblemare known along edgesBC and DC and
given by:

(2)

(3)

(4)

where and , and

arethe stresscomponentsexpressedin elliptical coor-

dinate system  [15].

The mapping between Cartesian coordinate system
and elliptical coordinate system  is

Figure 1. A typical Þnite element mesh in the p-version.

  StressCheck¨ is a trademarkof EngineeringSoft-
ware Researchand Development,Inc., St. Louis,
Missouri
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, ,

Traction (Neumann)boundaryconditions are applied on
edgesBC andCD andsymmetricDirichlet boundarycondi-
tions are imposed on edges DE and AB.

3.2 Maximum stress and strain energy

The maximum stress of this problem is concen-

trated at vertex A and is a function of ratio only,

being defined as . The finite element

stressis computeddirectly in this studyby computingthe
strains from the displacementsolution then applying the
appropriate isotropic material stress-strainrelationship.

Searchfor the maximum computedstress is con-

ductedover not only GaussQuadraturepointsbut alsothe
verticesof eachelement[12]. The relative error in maxi-
mum stress defined as

% (5)

is of great engineering interest.

The exact potential energy, , of the sub-domain
loadedby traction only without body force can be com-
puted as

(6)

=

Where and are normal and tangentialtrac-

tion components and displacement components
respectively[12]. Theangle measuredfrom thepositive

axis to the normal of boundariesBC and CD are

, so Eq. (6) can be simplified as

(7)

where arestresstensorcomponentsand

are displacementcomponents[4]. The exact potential
energy is obtainedby numerically solving Eq. (7) to an
accuracysubstantiallygreaterthatanyof the finite element
solutions.The finite elementpotential energy is
computedby evaluating the product of load vector and
finite element solution over the boundary. The relative
error in energy norm is defined as

% (8)

3.3 Finite element meshes and geometric approxi-
mation shapes

A parameter is selectedto constructthefirst test
model.An isotropicmaterialwith YoungÕsModule of 1.0
andPoissonÕsratio of is usedundertheassumptionof
planestrain.The stressappliedat the infinite boundaryis
1.0.Table1 providestheexactpotentialenergy(to 7 digits
significant figures) and the exact stress.

The finite elementmethodusedfor solving the problem
consistsof a doublediscretization.First, a meshis intro-
ducedin orderto discretizethe geometricaldomain.Then,
the solution function spaceis approximatedby a finite
dimensionalfunction space.Both geometricalandfunction
spaceapproximationsintroducediscretizationserrors into
thesolution.In this work, we usepolynomialsfor bothdis-
cretizationswhere representsthe polynomial order for
function spacediscretizationand representsthe polyno-
mial order for geometrical discretization.

Thediscretizationerrorof thefinite elementmethodcanbe
written as the sum of two contributions:

(9)

where is thegeometricalerrorand is thefunc-

Figure 2. Elliptical hole in an inÞnite plane under the
uniform tensile stress at inÞnity
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tional error.Studiesof theconvergenceandaccuracyof the
finite elementmethodfor domainswheregeometricalerror,

, is identically zero or carefully controlled to be

small, thus allowing study of the functional error, ,

arecommon.We investigatethe total error when the geo-

metrical discretizationerror, , contribution can be

significant.In this studya coarsemeshwith only oneedge
classifiedon the ellipse AE (seeFigure3) is usedto per-
form the analysis and function polynomial orders from

to are used and geometric polynomial
ordersfrom to are used.(A more com-
plete study including additional mesh configuration and
geometricapproximationdetailsis in preparationfor publi-
cation [4])

For the meshedgethat is usedto geometricallydiscretize
the ellipse, linear (q=1), quadratic(q=2), cubic (q=3) and
quartic (q=4) geometricapproximationsare selected.Two
different fitting methodsareappliedfor theq>1 cases.The

first is a interpolantwherethe interpolatingpointsare
equally spacedin the parametricspaceof the edge.The

secondenforces continuityat theverticesA andE (see
[4] for specifics on the constructionof those geometric
approximations).Close-upsof the geometricapproxima-
tions in the vicinity of vertex A are shown in Figure4.

3.4 Result analysis

Convergencecurvesfor the relative error in energynorm
with respectto polynomialorder for thevariousgeomet-
ric approximationorders are shownin Figure5. When
the polynomialorderincreasespastthe geometricapproxi-
mationorder,the error in mappingbeginsto dominatethe
solutionwhich is consistentwith the basictheory [3]. The
discretizationerrorapproachesa limit as increases.This

limit is essentiallythe becausefor very high we
solvethePDEnearlyexactlyon anapproximatedgeometri-
cal domain.The geometricalerror is lesswhen the
geometric approximation order increases.
The performanceof the different geometric approxima-
tionson the normof themaximumstressis a bit more
complex. Figure6a showsthe relative error in maximum
stressfor the geometricapproximationsandFigure6b

showsit for the geometricapproximations.For

(which is ) the computedmaximumstressis underesti-
matedat , but quickly increasespasttheexactvalue
to overestimatetheexactvalueby relativeerrorof 122%at

. Suchbehavioris expectedsinceas increases
we are moving toward the solution of a problem with a
sharpcornerat point A wherethe stresstheoreticallygoes
to infinity. As is increasedfor the casethe sharp-

(a) Linear mesh (b)  quartic mesh

Figure 3. Linear and quartic meshes

(a)  and  quadratic approximation shapes

Figure 4. Different geometric approximation shapes
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nessof theslopediscontinuityat vertexA is decreasedand
the stressresults becomemore accurate.However, it is
interestingto notethat in thecaseof thequadratic geo-
metric approximationthe stressis overpredictedby 45%,
this is becausethe curvededgeis not perpendicularto the
symmetry plane due to the error in mapping.

A comparisonof the and geometricapproxima-
tionscasesindicatesthattheyunderestimatetheexactvalue
for low order . In the caseof the geometricapproxi-
mations the stress becomes overestimatedwhen

continuesto increase.In the caseof the geometric
approximationsthe stress is always underestimatedfor

and while the doesslightly overesti-
matethevaluefor high . Figure7 providesa moredirect

comparisonof the and casesfor the variousgeo-
metric orders.
It shouldbe notedthat the geometricapproximationerror
for the quadratic geometric approximations, , at

are substantialwith an overestimateof 45% for

the caseand underestimateof 16% for the case.
The cubic geometric approximations, , yield a
smallererror at with an overestimateof 7.7%for

the caseand underestimateof 5.0% for the case.
The quartic geometricapproximations, , yield the
smallesterrorat with anoverestimateof 2.8%for

the caseand0.29%for the case.Theseresultsare
consistentwith thosepresentedin reference[15] wherethe
ellipsegeometrywasapproximatedusinga blendingfunc-
tion method.

4. CURVILINEAR MESH GENERA TION

SimmetrixInc. is developingtools to generatemesheswith
curvedelementsgiven an initial linear mesh.The current
developmentefforts are aimedat the effective representa-
tion and definition of meshes consisting of mixed
geometric order elements as shown in Figure8.

4.1 Representing Mesh Shape

In the currentwork Bezier representations[5,6] are being
usedto definethemeshgeometryinsteadof themorestan-
dard Lagrange interpolations due to the following
properties of Bezier polynomials:

(a)Relative error in energy norm for  shapes

(b) Relative error in energy norm for  shapes

Figure 5. Relative error in energy norm of different
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maximum stress for different shapes
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¥ ConvexHull Property:A Beziercurve,surface,or vol-
ume is containedin the convex hull formed by its
control points.

¥ As with otherapproximatingbases,it hasgoodshape
preserving properties.

¥ Better qualified properties to allow more efficient

intersection calculations.
¥ All derivativesare also Bezier functions and can be

easily computed.
¥ Productsof Bezier functionsareeasilycomputedand

are a Bezier function.
¥ Computationallyefficient algorithmsfor degreeeleva-

tion andsubdivisionareavailable.Thesecanbe used
to refine theshapeÕsconvexhull aswell asadaptively
refine the meshÕs shape.

¥ Variation Diminishing Property:an infinite planecan
not intersecta Bezier curve more times than it inter-
sects control polygon.

Two major issuesinvolved with generatingcurvedmeshes
aredeterminingif an entityÕscurvedshapeis valid, and if
two or more mesh entities intersect outside of shared
boundaries.In termsof theintersectionissue,applicationof
the variationdiminishingpropertyfor meshedgesand the
convexhull propertyfor meshfaceshasresultedin compu-
tationally efficient tests to determineif entities interfere
with each other.

4.2 Determining Shape Validity

In the caseof determiningthe validity of a meshentityÕs
shape,previousimplementationsonly testedthevalidity of
meshregionsat the integrationsitesthatwereto beusedin
performing the analysis.The methodassumesa region is
valid if the Jacobianis greaterthanzeroat the integration
sites. Though this approachis sufficient for analysis in
which the elementshape,order and integration rule are
fixed, it suffers from the following drawbacks:

¥ If the analysischangesthe integrationrule then the
integrationlocationswill change.As a resulta region
that was consideredvalid may suddenly become
invalid. Theonly way to usethis approachwould beto
test eachregion with respectto all the possibleinte-
gration sites which can be a large number of
evaluationswhenthe polynomialorderof the element
can be increased.

¥ The test itself doesnot provide insight on how the
region can be made valid either by changing the
regionÕs topology or its geometry.

¥ Thetestonly focusedon meshregions.If a meshedge
or facewere invalid (dueto self-intersection)thenall
regionsusingit aspartof its boundarieswould alsobe
invalid. Identifying andcorrectingtheselower dimen-
sion mesh entities would effectively reduce the
number of invalid mesh regions that need to be
corrected.

Insteadof checking for local validity of a meshentityÕs
shape,Simmetrixhasdevelopedan approachbasedon the
aboveBezierpropertiesto test for the global validity of a
meshentity. In the caseof a region, the global validity
checkfunction is basedon the fact that the Jacobianfunc-
tion can be representedas a box product of partial
derivatives. In the caseof a Bezier volume, the partial
derivativesarealsoBezierfunctions.Combiningthe3 par-
tials to form the Jacobianalsoresultsin a polynomial that
canbe representedin Bezier form. Sincea Bezierpolyno-
mial is boundedby its convexhull of control points, the
Bezier form of the Jacobianprovidesboundson the Jaco-
bian itself. If all the control points of the Jacobianare
greaterthanzerothentheregionÕsJacobianmustbegreater

(a)Convergence curve for

(b) Convergence curve for

Figure 7. Convergence curve for  and  shapes

Figure 8. Example of mesh entities composed of
different polynomial orders
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than zero everywhere.The test works for any polynomial
order.The test also providesadditionalinformation in the
caseof an invalid shapein termsof possiblemodifications
thatcanbeusedto correcttheshape,seeFigure9. The top
imageshowsfour meshfacesmadeinvalid dueto thecurv-
ing of four meshedgesclassifiedon the circular hole.The
centerimageis a closeup of one of the invalidities. One
possiblesolutionto this problemwould beto curveeachof
the facesÕremaining linear edgesin order to resolvethe
invalidities. The result of theseshapemodifications are
shown in the bottom image.

One importantpieceneededfor curvilinear meshgenera-
tion that is missingis the aspectof meshquality of curved
meshes.Quality metrics are extremely important when
choosingwhich meshmodificationto apply in orderto cor-
rect an invalid meshshape.For example,anothersolution
to the problemposedin Figure9 is to relocatethe facesÕ
vertices opposite to curved edges.

4.3 Approximating the ModelÕs Boundary

Another important issue is how to best approximatethe
model boundary.As previouslydiscussed,the approxima-
tion error betweenthe original geometricmodel and the
meshcan havea strongimpact on the analysis.Currently

interpolationmethodsareusedto ÒfitÓthe meshboundary
to the model boundaryat certain sample points on the
boundary; however, using traditional methods, such as
chord length interpolation [9], can cause undesirable
boundaryartifacts.In polynomialsurfacesthat arebeyond
quadratic.One of the major issuesis to find appropriate
parametriclocationsfor theinterpolationpointsthatarenot
on the edgesof a triangular surface.Optimization tech-
niques that improve the quality of the surfacemesh by
reducingtheseartifactsneedto be investigated.Simmetrix
has implemented one such technique as shown in
Figure10..

Both meshesusethe sameinterpolationpoints. However,
the top image shows very pronouncedÒcreasesÓon the
sphereÕssurface.In thebottomimagethecreasingis much
less pronounced.

As previouslymentioned,in additionto basicinterpolation

Figure9. Theeffectof curvingmeshedgesclassiÞedon
the planar face in order to correct the original

highlighted invalid mesh faces Figure 10. Comparison of non-optimized mesh faces
with optimized mesh faces

Non-Optimmized

Optimized



approaches,constraintssuchastheorderof geometriccon-
tinuity between mesh entities need to be taken into
consideration when meshing the boundary.

4.4 Preliminary Results

Figure11 showsthe resultof generatinga curvedmeshof
maximumpolynomialdegreeq = 3 from a linearmesh.The
boundarymesh entitiesÕshapeshave been optimized to
reduceundesirableartifacts.Figure12 showsa morecom-
plex example of curve mesh generationas well as the
impact raising the polynomial degree on the boundary
mesh.Figure13 andFigure14 showtheapplicationof qua-
dratic curving on modelssuppliedby ESRD. The initial
linear meshes show the desired coarseness of the meshes.

5. CLOSING REMARK

The p-versionfinite elementmethodprovidesan effective
method to apply simulation technologiesin engineering
design.However,asthis paperhaspointedout, theapplica-

Figure 11. The result of curving a straight sided mesh
classiÞed on a sphere using a maximum polynomial

degree of 3.

Figure12.Morecomplex curvingexampleshowing how
the polynomial degree affects the shape of the

highlighted mesh edge.

Figure 13. The application of SimmetrixÕs quadratic
curving tool on a model supplied by ESRD.



tion of thesemethodsrequiresthe careful constructionof
themeshesandcontrolof their geometricapproximationto
curveddomains.Thebrief introductionto themethodscur-
rently under development to support p-version mesh
generationindicatethe needto addressa numberof issues
thatdo not needto beconsideredwhenlow orderfinite ele-
ments are to be used.
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Figure 14. Another example of the quadratic curving
tool on a model supplied by ESRD.


