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0 1 2 3 4.4 5

Figure 2.5 Quadratic basis functions for open, non-uniform knot vector & = {0,0,0,1,2,3,4,
4,5,5,5}. ’

The use of a non-uniform knot vector allows us to obtain much richer behavior than
is possible with a simple uniform one. A quadratic example is presented in Figure 2.5
for the open, non-uniform knot vector & = (&, &, &, &, &, &, &7, &g, &9, E1g, £11) =
{0,0,0,1,2,3,4,4,5,5,5). Note that the basis functions are interpolatory at the ends of
the interval and also at £ = 4, the location of a repeated knot. At this repeated knot, only C?-
continuity is attained. Elsewhere, the functions are C!-continuous. In general, basis functions
of order p have p — m; continuous derivatives across knot &, where m; is the multiplicity of
the value of &; in the knot vector. When the multiplicity of a knot value is exactly p, the basis
s interpolatory at that knot. When the multiplicity is p + 1, the basis becomes discontinuous
and the patch boundary is formed.

This relationship between continuity and the multiplicity of the knots is even more apparent
in Figure 2.6, in which we have a fourth order curve with differing levels of continuity at
every element boundary. At the first internal element boundary, £ = 1, the knot value appears
only once in the knot vector, and so we have the maximum level of continuity possible:
CP~! = (3, At each subsequent internal knot value, the multiplicity is increased by one, and
so the number of continuous derivatives is decreased by one. Note, as before, that when a knot

Figure 2.6 Quartic (p =4) basis functions for an open, non-uniform knot vector & =
{0,0,0,0,0,1,2,2,3;3,3,4,4,4,4,5,5, 5, 5, 5}. The continuity across an interior element boundary
is a direct result of the polynomial order and the multiplicity of the corresponding knot value.
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(a)

Figure 2.24 Three element, higher-order meshes for

A
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S
13 273 1
£={0,0,0,0,0, 1,

,L,1,1,1,1} p=4

E: {0:0901010:0: %l
HLLL11,1) p=5

(b)

p- and k-refinement. (a) The p-refinement ap-

proach results in many functions that are C° across element bound aries. (b) In comparison, k-refinement
results in a much smaller number of functions, each of which is CP~! across element boundaries.
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(2) (b}

Figure 214 Interpolation with Lagrange polynomials. (a} The point§ to be interpoiated are accurate to
six digits after the decimal point. (b) The points to be interpolated are accurate to only four digits after
the decimal point.

where N; ,(€) and M; () are univariate B-spline basis functions of order p and ¢, comre-
sponding to knot vectors B and H, respectively.

Many of the properties of a B-spline surface are the result of its tensor product nature.
The basis is pointwise nonnegative, and forms a partition of unity as ¥(§, n) € [£, &,H. 1] X

[ timergids

n m ™

D N EM 4 () = (Z N; p(s)) > M| =1 (2.18)
. Jj=1

fe=i j=1

The number of continuous partial derivatives in a given parametric direction may be determined
from the associated one-dimensional knot vector and polynomial order. The surface again
possesses the property of affine covariance and has a strong convex hull property. Interestingly,
there is no known variation diminishing property for surfaces, though the convex hull property
precludes any two-dimensional analogues of the types of oscillations we saw in Figure 2.13z,
thus generalizing the result of Figure 2.13b to multipte dimensions.

The local support of the basis functions also follows directty from the one-dimensional func-
tions that form them. The support of a gwen bivariate function N;, s &) = N p(E)M; (1)
is exactly [£, &4 p11] X [0, 7j4g+1]- Letus consider a specific example of a biquadratic (p ==
q = 2) surface fonmed from knot vectors £ = {0,0,0,05, 1, 1, I}and’H ={0,0,0, 1, 1, 1},
with control points listed in Table 2.1, resulting in the control net and mesh shown in Figure
2.15. For this case, the support of Ni';;g,z(g, 1), is [£1, £4] % [91, 4], Similarly, the support
of Ny 202(, 1), for example, is [£3, £] X [12, #5). The support of each of these functions is
shown in the index space in Figure 2.16a. By equally spacing each of the knots in the plot,
it is easy to see exactly which knot spans each of the functions are supported in, includ-
ing where they overlap. Such a viewpoint is very useful when developing algorithms (see
Appendix A at the end of the book for a discussion of the index space and so-called “NURBS
coordinate” in the context of connectivity). Alternatively, we can present the same information
in the parameter space, as in Figure 2.16b. Here, we have taken into account the actual knot
values. It is clear that we only have two nontrivial elements (elements with positive measure),
and therefore only two elements in which calculations need to be performed during analysis.
Function N3222($, 1) has support in both of these elements, while N1 12206, 1) is only
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