Finite Element method for fluid flow problems

To this point we have focused on elliptic PDE (only even
order derivatives) that produce nice symmetric global
systems. Standard Galerkin methods are can be shown to
be “optimal” for these problems. On the other hand
standard Galerkin methods do not work well for advection
dominated problems where there are first derivative terms
that are important. One simple advection equation is

¢, +ap, =0in Q

with appropriate boundary and initial conditions.

The most basic problem of general interest (that is it has
both advection and diffusion) in this class is the “static”
advection/diffusion equation

ap +kp, - [ in Q subjectto p=gonT

Most problems of interest also have time dependent
terms. Since the time domain is almost always handled
through semi-discretization (e.g., use finite elements for
the spatial discretization and finite difference for the
temporal discretization).

If you apply a standard Galerkin finite element method to
these equations you will find the solutions will have large
oscillations and at large over shoots and undershoots at
discontinuities (which can happen in these classes of
equations).

Thus a large number of Petrov-Galerkin methods have
been developed to address this class of problem. The
currently two most popular classes of methods are the:



* Discontinuous Galerkin (DG). One Reference (there
are a large number of them): Cockburn, Bernardo,
George E. Karniadakis, and Chi-Wang Shu. "The
development of discontinuous Galerkin methods." In
Discontinuous Galerkin Methods, pp. 3-50. Springer,
Berlin, Heidelberg, 2000.

» Stabilized finite elements — developed heavily by Tom
Hughes (an people that studied with him). There is
not a goo book type reference on this method. A few
well cited papers are:

o Franca, L.P., Frey, S.L. and Hughes, T.J., 1992.
Stabilized finite element methods: |. Application
to the advective-diffusive model. Computer
Methods in Applied Mechanics and Engineering,
95(2), pp.253-276.

o Franca, L.P. and Frey, S.L., 1992. Stabilized
finite element methods: Il. The incompressible
Navier-Stokes equations. Computer Methods in
Applied Mechanics and Engineering, 99(2-3),
pp.209-233.

o Tezduyar, T.E., 1991. Stabilized finite element
formulations for incompressible flow
computations. In Advances in applied mechanics
(Vol. 28, pp. 1-44). Elsevier.

o Whiting, C.H. and Jansen, K.E., 2001. A
stabilized finite element method for the
incompressible Navier—Stokes equations using a
hierarchical basis. International Journal for
Numerical Methods in Fluids, 35(1), pp.93-116.



How do we achieve this ?

Let us consider a few well known schemes and their
basic properties to understand what is needed.

Consider the basic equation

ou Of
ot or D

All schemes involve two choices

x € {2,

* In which way does one approximate the solution ?
* In which way should the approximation satisfy
the PDE !




Finite difference methods

ij

* The local approximation is a |D polynomial
* The equation is satisfied in a pointwise manner

2 2

T € [:Ek_l,a:kﬂ] c oup(x,t) = Zai(t)(x — xk)i, fr(z,t) = sz(t)(a: — xk)i,

1=0 1=0

dup, (z", 1) . (@t 8) — fr(zf=1¢)
dt h* + hk—1

= g(z",1),




Finite difference schemes

* Simple to implement and fast

* High-order is feasible

* Explicit in time

* Direction can be exploited - upwind
* Strong theory

* Main problem
* Simple local approximation and geometric
flexibility are not agreeable




Finite volume methods

T !
| | |
| | |

* The local approximation is a cell average
pkT1/2

up(x) de = h*a",
pk—1/2

* The equation is satisfied on conservation form

Bk du” E+1/2 _ ph—1/2 _ phok
s + f — f = h"g",




Finite volume methods

The key challenge is one of reconstruction

—k+1 | —k
T+ u
o f1/2 ; ’fk+1/2 f(uk+1/2)

* Robust and fast due to locality
* Complex geometries

* Well suited for conservation laws
* Explicit in time

Main problem

* Inability to achieve high-order on general grids
due to extended stencils

* Grid smoothness requirements




Finite element methods

We begin by splitting the solution into elements as

T

* The solution is defined in a nonlocal manner

un(z) =) u(a®)N*(z)

* The equation is satisfied globally

Oup, ~ Ofy -
— g | N _




Finite element methods

This yields the global equation

d
M= +5f, = Mg,

. . . dNJ
M, = / N(2) N (z) dz, Si; — / Vi)Y g
0 e, dZC

* High-order accuracy and complex geometries
can be combined

* Main problems
* Implicit in time
* Not well suited for problems with direction




Lets summarize the observations

Complex High-order accuracy Explicit semi- Conservation Elliptic

geometries and hp-adaptivity discrete form laws problems
FDM X v v v v
FVM v X v v (V')
FEM v v X (V') v
DG-FEM v v v v (V')

What we need is a scheme that combines
* The local high-order/flexible element of FEM
* The local statement on the equation for FVYM

These are exactly the components of the
Discontinuous Galerkin Finite Element Method




Taken form notes of Prof. Chi-Wang Shu

Division of Applied Mathematics

Brown University

Prof. F. Li in the math department covers these methods in her course




DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

l Introduction and history of the DG method .

LHow does the method work — an example ]

X4 13 L
To solve a hyperbolic conservation law: : ‘
yp /XI%:‘LI l /Xi«\‘l{: ?(.(Hl\_.i\z
G SEVNEY

Multiplying with a test function v, integrate over a cell j = [:1:’

and integrate by parts:

/Iutvdx——/f Jvedz + f(u;1)v; 1 — fu;_1)v,_

J
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DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

Now assume both the solution u and the test function v come from a finite
dimensional approximation space V/},, which is usually taken as the space

of piecewise polynomials of degree up to k:

Vi ={v vl € PP(L), j=1,-,N}

However, the boundary terms f(uj+%), Uj41 etc. are not well defined
when u and v are in this space, as they are discontinuous at the cell

interfaces.

Division of Applied Mathematics, Brown University




DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

From the conservation and stability (upwinding) considerations, we take

e A single valued monotone numerical flux to replace f(uj+;):
2

r ¢ + : Qoh&i@% O\—Q
fipr = flu s,ul 1) <4 e
I3 +3 %+ w\f;ﬁ&;‘g p S

— Cowsidening

where f(u,u) = f(u) (consistency); f(T 1) (monotonicity) and fis
Lipschitz continuous with respect to both arguments.

e Values from inside /; for the test function v
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DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

Hence the DG scheme is: find u € V), such that

/utvdx—/ f(u)v;,;ala:nL]‘Z-Jr%vj;l —fivl =0 (2
I L 2
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DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

— Nanging vode
[Advantages of the DG method:] «

e Easy handling of complicated geometry and boundary conditions

(common to all finite element methods). Allowing hanging nodes in the

mesh:

e Compact. Communication only with immediate neighbors, regardless

of the order of the scheme;

e Explicit. Because of the discontinuous basis, the mass matrix is local

to the cell, resulting in explicit time stepping (no systems to solve);

e Parallel efficiency. Achieves 99% parallel efficiency for static mesh and

over 80% parallel efficiency for dynamic load balancing with adaptive
meshes (Flaherty et al.) ) tWo wes W m\\l(y},z% Coves LUk e
aolicek metwod | — expley Q6SY 0 _@k&ﬁj eteds Sor the
exp Draote \adt g 008 v el ,&éfé\{amen‘v—” L6 e oS
\;‘txeciw\wa ode Yipes 0% VE

Division of Applied Mathematics, Brown University




DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

® Provable cell entropy inequality and L? stability, for arbitrary scalar
equations in any spatial dimension and any triangulation, for any order

of accuracy, without limiters;

e Atleast (k + -;—)-th order accurate, and often (k£ + 1)-th order accurate
for smooth solutions when piecewise polynomials of degree & are
used, regardless of the structure of the meshes.

\ // [ ‘ L
o\ Easy h-p adaptivity. \Vﬂ Qac\zk Q&\e&«ﬁ* C%JA \vave
) ‘ W

T Cequive, Cave
e Stable and convergent DG methods are now available for many

nonlinear PDEs containing higher derivatives: convection diffusion

equations, KdV equations, ... | h
—SThe Sorget o dmesdion The v lavge qumbe L onliwwns
Ohe (58, 5 — 'wt\vas oW bd‘\*\/\ axdes

Division of Applied Mathematics, Brown University




DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

[Three examples]

We show three examples to demonstrate the excellent performance of the
DG method.

The first example is the linear convection equation
U + u, = 0, or U + Ug + Uy = 0,

on the domain (0, 27) x (0,7T) or (0, 27)? x (0,T) with the
characteristic function of the interval (3, <) or the square (%, 2)2 as
initial condition and periodic boundary conditions.

Division of Applied Mathematics, Brown University




DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

k=1, t=100u, solid line: exact solution; k=6, t=100, solid line: exact solution;
dashed line / squares: numerical solution dashed line / squares: numerical solution
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Figure 1: Transport equation: Comparison of the exact and the RKDG so-
lutions at 7" = 1007 with second order (P?, left) and seventh order (P,
right) RKDG methods. One dimensional results with 40 cells, exact solution

(solid line) and numerical solution (dashed line and symbols, one point per

cell)
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DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT
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Figure 2: Transport equation: Comparison of the exact and the RKDG so-
lutions at T' = 1007 with second order (P?, left) and seventh order (P°,

right) RKDG methods. Two dimensional results with 40 x 40 cells.
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DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

The second example is the double Mach r_eﬂection problem for the two

dimensional compressible Euler equations.

Division of Applied Mathematics, Brown University




DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

Rectangles P1, Ax=Ay = 1/240

Figure 3: Double Mach reflection. Ax = Ay = 2710. Top: P!; bottom:

D2 Division of Applied Mathematics, Brown University




DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

Rectangles P2, Ax=Ay=1/240

Figure 4: Double Mach reflection. Zoomed-in region. Top: P? with Az =
Ay = 5=; bottom: P with Az = Ay =

Div rSE@ﬁ of A@gf@%ée@ Mathematics, Brown University
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DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

Rectangles P2, Ax=Ay=1/240

Figure 5: Double Mach reflection. Zoomed-in region. P? elements. Top:
Axr = Ay = 5=; bottom: Az = Ay = 480

Division of Applied Mathematics, Brown University
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DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

The third example is the flow past a forward-facing step problem for the
two dimensional compressible Euler equations. No special treatment is

performed near the corner singularity.

Division of Applied Mathematics, Brown University




DISCONTINUOUS GALERKIN FINITE ELEMENT METHOD: SURVEY AND RECENT DEVELOPMENT

| Rectangles P1, Ax=Ay =1/320

‘*#6»
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Figure 6: Forward facing step. Zoomed-in region. Az = Ay = é%ﬁ' Left:

P! elements: right: P? elements.

Division of Applied Mathematics, Brown University
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